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SYNOPSIS 


Ever since the surprising discoveries of integer quantum Hall effect (IQHE) [l] and 
fractional quantum Hall effect (FQHE) [2] in two dimensional electron gas were made, 
they have drawn considerable interest. In IQHE, the Hall conductivity gets quantized 
at integer filling factors with a high accuracy and the diagonal conductivity vanishes 
at the same rime. A similar phenomenon also occurs at fractional filling factors in 
relatively high mobility samples, and is known as FQHE. While the single particle 
excitation gap is the 'charge gap" in IQHE. it is the electron electron interaction that 
produces the charge gap in FQHE. 

In an attempt to describe IQHE and FQHE on the same footing, Jain [3] has pro- 
posed the composite fermion model (CFM) where an even number of flux quantum are 
attached to each particle. This model has proved to be highly successful in describ- 
ing fully polarized quantum Hall states (QHS). However, as Halperin [4] pointed out, 
systems with low Zeeman energy need not be fully polarized; they may be partially 
polarized or unpolarized. Such systems have been observed experimentally [5]. 

In this thesis, we propose a model and develop a theory for these arbitrarily polar- 
ized QHS, by employing a doublet of Chern Simons (CS) gauge fields. Recall that a 
field theoretic version of the CFM for fully polarized systems has been developed by 
Lopez and Fradkin [6] by introducing a CS gauge field. We follow the same approach 
here. We then suggest experiments which can directly determine a composite fermion 
parameter, viz., the effective number ( p ) of Landau levels (LL) filled by the composite 
fermions (CF). We further study spin- wave and spin-flip excitations of these QHS. 

As we have mentioned earlier, the Hall conductivity a xy gets quantized in IQHE with 
a high accuracy at the value fe 2 /h (/ an integer). It is also experimentally observed [7] 
that the value of quantization changes with temperature and approaches the value 
ie 2 /h only as temperature T -t 0. In this thesis, we study the effect of temperature 
on the accuracy quantization for QHS in the presence of weak disorder. 
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In short, in this thesis, we are considering two important issues in quantum Hall 
effect: (i) t hr* role ot spin and (ii) the combined effect of temperature and impurity on 
the accuracy of quantization. I now give a brief chapter wise summary of the thesis. 

Chapter 1 is devoted to a brief introduction. 

In chapter 2. we propose and discuss the doublet model. The model is characterized 
by a doublet of abelian CS gauge fields with the strength of the CS term in the action 
given by a coupling matrix. It is shown that the model describes almost all known 
QHS with arbitrary spin polarization. The model is employed within the CF picture 
and is based on mean field (MF) analysis. 

In chapter 3. we consider the gauge field fluctuations about the MF considered 
in the model. We confirm by an explicit one-loop computation that a xy does indeed 
got quantized at these filling factors. We shall show that the quantum fluctuations 
restore the Kohn mode. We further determine the modulus square of the ground 
state many body wave functions for the arbitrarily polarized QHS that follow from the 
model. We remarkably recover the well known Laughlin wave function and Halperin 
wave function for unpolarized v = 2/5 state which are microscopically determined 
from general principles. Finally, the wave functions are shown to be non-analytic, i.e., 
multivalued in general. We have given here a physical picture for this multivaluedness 
in terms of the vortices that are induced by quantum fluctuations. 

In chapter 4, we improve upon the random phase approximation, which is considered 
in chapter 3, by time dependent Hartree Fock approximation (TDHFA) for studying 
the charge density and spin density correlations. This analysis holds for states away 
from even denominator filling factors. We identify the effective number of LL, filled 
by CF of up (or dowm) spin to be the order parameter in spin transitions. Therefore, 
the value of static spin density correlation function undergoes a discontinuous jump in 
the spin transitions. We show that neutron scattering experiments can unambiguously 
determine a CF parameter, viz., p. We also show that depolarized Raman scattering 
experiments can directly measure the effective cyclotron energy which is the energy 
scale of CF; p will also be determined thereby if the effective mass of CF is given. 
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We observe that for this purpose, one needs partially polarized or more preferably 
unpolarized QHS. 

In chapter 5, we consider the spin-wave and spin-flip excitations of the arbitrarily 
polarized QHS in the TDHFA. Interestingly, we find that the gauge field fluctuations 
do not change these excitations. In other words, all the QIIS with the same numerator 
but different odd denominator have similar excitations, since they correspond to t he 
same MF. We show that all odd numerator states may have spin-wave excitations in 
their ferromagnetic ground states. All states possess spin-flip type of excitations. 

In chapter 6, we study the IQHE at finite temperatures in a fully polarized system 
with weak disorder. Due to the impurity in the system, LL will be broadened into 
a band. We treat the scale of broadening perturbatively in the self consistent Born 
approximation. We find the finite temperature contribution to a xy in the zero-th order 
of broadening. The diagonal conductivity o xx survives only when both temperature 
and disorder are non-zero. At low temperatures, a xx activates with a temperature, 
dependent prefactor. Inverting the conductivity matrix, we determine the resistivi- 
ties. The deviation of the off-diagonal resistivity p xy from its zero temperature value 
and the diagonal resistivity activate with a temperature dependent prefactor at low 
temperatures, in agreement with experiments. Further, we find two physical regimes 
both of which are at low temperatures and weak broadening, which in agreement with 
experiments, show a linear relationship between the deviation of p xy and p xx with dif- 
ferent signs. We estimate also the effective mass of electron from the experimental data 
and find them to be reasonable. Finally, our result on compressibility as a function of 
temperature shows that there is no phase transition involved in the system as far as 
the temperature is concerned. 

An introduction is provided in each of the chapters from 2—6. In addition we make 
a brief survey of the literature in chapter 7, which by no means exhausts all the aspects 
of QHE, but provides a setting for the topics discussed in this thesis. 
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Chapter 1 
Introduction 


In recent years, the quantum Hall effect (QHE) has drawn much interest. This phe- 
nomenon occurs at very low temperatures (< 4 K) in a high mobility two dimensional 
electron gas (2DEG) in the presence of strong perpendicular magnetic field ( B ~ 1- 
30 T). The 2DEG can be achieved in the interface between a semiconductor and an 
insulator (Si-SiCb in Si- MOSFET), or two semiconductors (GaAs-Al x Gai_ x As). Un- 
der suitable experimental conditions, all the conduction electrons occupy the lowest 
subband and hence they are trapped along a direction perpendicular to the interface. 
Further, the electrons can move freely in the plane of the interface with a very long 
mean free path. In 1980, Klitzing et al [1] first observed that the Hall conductance of 
such a system gets quantized, with a high accuracy (one part in 10 5 ), at integer multiple 
of quantum of conductance e 2 //i not only at integer filling factor, but in its neighbour- 
hood as well. The diagonal conductance vanishes at the same time. This phenomenon 
is known as integer QHE (IQHE). The Hall conductance shows an almost discontinuous 
jump and the diagonal conductance shows a sharp maximum when a transition from 
one IQHE state to another occurs (see Fig. 1.1 where the corresponding resistivities 
are shown). Two years later, Tsui et al [2] discovered that at lower temperatures and 
in higher mobility samples, a similar phenomenon occurs at fractional filling factors as 
well. This latter unexpected phenomenon is known as fractional QHE (FQHE). (See 
Fig. 1.2 for a series of experimentally observed FQHE states). The early developments 
of QHE are excellently reviewed in two books [5, 6]. 
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Figure 1.1: The resistivities p xx and p xy are plotted against magnetic field B for relatively 
low mobility GaAs-AIGaAs sample showing the IQHE (from Ref. [3]}. 

The IQHE occurs due to the presence of ‘charge gap’ in the single particle oxcif af i< >n. 
The electron electron interaction has no major role (only perturbative [7]) for producing 
the gap. As long as the Fermi energy lies in the region of localized states, the Hall 
conductivity a xy gets quantized and the diagonal conductivity a xx vanishes [8-10). A 
transition from one IQHE state to another occurs when the Fermi energy hits the 
extended states. The quantization in a xy , which is universal, is exhibited due to the 
gauge invariance and the existence of the mobility gap [9, 10]. a xy is also topological 
in nature [11]. Strictly speaking, the value of quantization, changes with temperature 
and it approaches the value ie 2 /h only asymptotically as T -¥ 0 [12, 13]. 

Although electron electron interaction is not important for producing the charge 
gap in the IQHE, it is, in fact, the most responsible for producing the charge gap 
in the FQHE. The electrons are strongly correlated, and therefore the simple single 
particle spectrum no longer explains the effect. In his pioneering work, Laughlin [14] 
has made a variational guess to obtain a good approximate ground state wave function 



MAGNETIC FIELD [T] 


Figure 1.2: The resistivities p xx and p xy are plotted against magnetic field for relatively 
high mobility GaAs-AIGaAs sample showing a series of states of the FQHE as well as the 
IQHE states. These data were taken at T = 85 mK for a sample with density 3 x 10 11 
cm" 2 and mobility 1.3 x 10 6 cm 2 /Vs (from Ref. [4]). 
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for v = 1/m (m odd) states. In his picture, the charge '1 I ; and. statistics 
the quasiparticle or qasihole excitations of these ground states are tract i«.n; 
quasiparticles (quasiholes) at their magic densities condense into a Laughlin like state 


h * * > > 1 


to form a hierarchy of the FQHE states [15, IT], 

By now, however, the composite fermion model (CFM), which was. proposed by 
Jain [18], has emerged to be a successful model as an alternative to the above hierar- 
chy. Employing a Chern-Simons (CS) gauge field, a field theoretic -h ‘script :■ of the 
model has been developed by Lopez and Fradkin [19] for spinless electrons, t.t .. all the 
electrons are polarized in the direction of magnetic field. In the CFM. the charge gap 
is due to the single particle spectrum of the composite fermions (OF) defined to be 
composite objects of electron with an even number of flux quantum hcjt . In the mean 
field approximation, these fluxes produce a uniform CS magnetic field in the opposite 
direction to the applied magnetic field. The CF move in an effective magnetic field 
which is sum of the applied and CS magnetic fields. The excitation gap is determined 
by this effective magnetic field. In particular, the gap vanishes at the half filling factor 
and therefore the quantum liquid at half filling behaves like a Fermi liquid, as predicted 
by Halperin, Lee, and Read [20]. A good number of experiments [2 1 33] have been 
subsequently performed to test the existence of CF. 

Recall that the above development of the CFM is with the assumption that the 
electrons are spinless. This assumption is justified when the Zeeman energy is large 
enough so that all the electrons become polarized in the direction of the magnetic field. 
However, as Halperin [34] argued, there is the possibility that all the QHE states are not 
necessarily fully polarized. Such a case arises when the Zeeman energy is smaller than 
both Coulomb energy as well as cyclotron energy in GaAs. Indeed both experiments 
[35-38] and exact diagonalization studies [39-41] have confirmed the above prediction. 
Experiments [35-38] further reveal that the unpolarized or partially polarized quantum 
Hall states (QHS) make transitions to their fully polarized phase with the increase of 
Zeeman energy. These phenomena lie beyond the scope of the standard CFM (which 
does not incorporate spin degree of freedom dyn am ically) 
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To fill the above gap, we propose, in this thesis, a model which can describe almost 
all the observed QHS both with respect to the filling factors and their polarizations. In 
this ‘doublet model’ [42], with explicit CF requirement, new states are also predicted. 
An explicit one-loop analysis does indeed show the quantization of a xy at the appropri- 
ate values. We further derive the modulus square of the ground state wave function for 
these arbitrarily polarized QHS. Finally, we show that the model can, in fact, suggest 
[43] experiments which can determine the crucial composite fermion parameter, viz . , 
the effective number ( p ) of Landau levels (LL) filled by the CF. The parameter p is 
otherwise hidden in the fully polarized phase. However, in the unpolarized or partially 
polarized phase, this parameter appears explicitly in the observables and is measur- 
able. With a view to suggesting appropriate experiments, we study charge density and 
spin density ( 8S Z = 0) correlations. We show that neutron scattering experiments can 
unambiguously determine p. We also show that Raman scattering experiments can 
directly measure effective cyclotron frequency u c of CF, and p will also be determined 
thereby if the effective mass of CF is given. We also study [44] the spin-wave and 
spin-flip excitations {5S Z = ±1) of the arbitrarily polarized QHS. 

As we have mentioned earlier, it is observed experimentally [12, 13] that the value 
of quantization in < 7 X y changes with temperature. To understand this temperature de- 
pendence, we consider [45] a weak disordered spinless system exactly at integer fillings 
in this thesis. The broadening of the LL is treated as perturbation in the self consistent 
Born approximation (SCBA). We find that <y xy gsts a temperature dependent contri- 
bution in the zero-th order of broadening; the diagonal conductivity <x xx is non-zero 
only when both temperature and impurity are non-zero. We find a linear relationship 
between the deviation of the Hall resistivity from its zero temperature value and the 
diagonal resistivity, in agreement with experiments [12, 13]. 

In short, in this thesis, we are considering two important issues in QHE: (i) the role 
of spin and (ii) the combined effect of temperature and impurity on the accuracy of 
quantization. A chapter wise summary is given in the synopsis (see pages v and vi). 



Chapter 2 

Model for arbitrarily polarized 
quantum Hall states 

2.1 Introduction 

A two dimensional electron gas can exhibit QHE at low temperatures anti in the pres- 
ence of high magnetic field B. If the magnetic field is large enough, t he spin degree 
of freedom of the electron gets frozen in the direction of the magnetic field (which is 
perpendicular to the plane of the system) and has no dynamical role. These electrons 
are called spinless. Thus one assumes that the electrons are spinless for these fully po- 
larized QHS. The CFM, which describes these states well, was proposed by Jain [18]. 
In the CFM, spinless electrons are attached with even number (2s) of flux quantum 
2jr/e. (Hereafter we set the units h = c= 1.) The statistics of the charge-flux compos- 
ites remains fermionic, and hence they are called CF. The strong correlation between 
electrons in original electronic systems are replaced by the CF with a weak interaction 
between them in this model. In the MF approximation, the fluxes are chosen to pro- 
duce a uniform magnetic field in the opposite direction to the applied magnetic field. 
Therefore, the CF feel a reduced effective magnetic field B — B — (2ir/e)p(2s), where 
p is the mean particle density. Now if p be the number of filled Landau levels (LL) by 
CF, the actual filling factor in the electronic system becomes u — p/(2sp + l). Note 
that p can be negative as well in which case B is antiparallel to B. The IQHE of CF 
leads to the FQHE in the original electronic system. In the CFM, the charge excitation 
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gap is the effective cyclotron energy of CF, O c = eB/m* , where m* is the effective mass 
of CF. Using a single CS parameter 6 = (e -i /27r)(l/2s), Lopez and Fradkin (LF) [19] 
have constructed a CS action which incorporates the essentials of the CFM in a field 
theory of spinless fermions. 

The above analysis, which ignores spin, fails, however, for relatively low density 
GaAs samples. As Halperin [34] has argued, such a sample possesses very low Zeeman 
energy ( g ~ 0.45) compared to cyclotron energy (m* = 0.07 m e ), and is less than 
even the Coulomb energy which is responsible for producing charge gap in the FQHE 
states. This led him to conclude that all the QHS may not be fully polarized; some of 
them could be even unpolarized. Indeed, experiments reveal that at relatively small 
values of B , the QHS at filling factors v = |, |, y (Refs. [35, 36]) and | (Refs.[36, 38]) 
are unpolarized (spin singlet) while the states at v — | (Ref. [38]) and | (Ref. [35]) are 
partially polarized. Further, it is also known experimentally that the states which are 
in the partially polarized or unpolarized phase to start with pass over to their fully 
polarized phase as the Zeeman energy is increased sufficiently — either by increasing 
the tilting angle of the magnetic field keeping the perpendicular component of it fixed 
[35-38], or by increasing the electron density [37], since g factor becomes enhanced with 
the densities [46]. In the vanishing Zeeman splitting (VZS) limit, it has been found 
from numerical computations [39-41] that the states with v = 2/(2 n + 1) (n is an 
integer) are unpolarized and those of the Laughlin sequence [14] with is = 1/(2 n 4- 1) 
are fully polarized, in the thermodynamic limit. Also the state at v = | has been 
found to be partially polarized by an exact diagonalization study [47], in agreement 
with experiments. Wu, Dev and Jain [48] have constructed trial wave functions for 
these states by employing the CFM and found good overlap with the numerically 
diagonalized states. They report that, in the VZS limit, all the even numerator QHS 
are unpolarized and all those states which have both the numerator and denominator 
(of is) odd are partially/fully polarized. 

While there seem to be no theory for these arbitrarily polarized QHS, Frohlich et 
al [49] and Balatsky and Fradkin [50] have attempted to study the unpolarized QHS, 
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by employing a non-abelian CS model. In this picture, elect r*u:> are f< .mjwMtr* 
holons and spinons. While charged spinless holons interact with a ? ' t'b gam ■ 
field, neutral spin-1/2 spinons interact with a SU(2) CS gauge field. H ’i; the hint;* 
and spinons obey semionic statistics, and ensure the statistics of the electron to be 
fermionic. Note that apart from the complicated interaction involving >T ( ’S gauge 


field, the limitation of this model is that it can not describe all the arbitrarily polarized 

QHS. In contrast, we develop here a model, by employing an abelian doublet 1 of CS 
gauge fields within the CFM. This model, which we shall call the doublet model, is 
shown to describe arbitrarily polarized QHS. We shall show that tin* polarization of 
the QHS emerges naturally from the model. In general, the model incorporates the 
idea that each particle has two kinds of vortices — one of which is seen by like spin 
particles and the other by the particles of unlike spin. A similar interpretation* has 
been given by Belkhir and Jain [51] from the wave function that they have const ruet.ed 
for the unpolarized states of sequence u — 2n/(3n + 2) (n is an integer). 

Before we conclude this section, we may mention that technological developments 
have made it possible to create double layer 2DEG systems. Such a spin p. .btriz.-d 
bilayer system can be mapped into a single layer spin-1 /2 system, when the separation 
between the layers is not very large. In this mapping, the layer degree of freedom 
acts as a ‘pseudo-spin 5 , in analogy with spin-1/2 system in a single layer. LF [52] 
have recently described the double layered QHS using an abelian doublet of CS gauge 
fields, analogous to that of ours in a single layer spin-1/2 system. However, the two 
models, which describe two different physical situations, have distinct differences. We 
shall make a comparison between them in the next chapter. Nevertheless, there exists 
certain similarities and we shall show that the doublet model can describe the double 
layer system as well. 


1 Models with matrix valued coupling have been considered earlier, in a different context by X. G. 
Wen and A. Zee, Phys. Rev. B 46, 2290 (1992). 

According to Belkhir and Jain, each composite fermion carries two different types of vortices — 
one of which seen by all electrons while the other is visible only to an electron of like spin. However, 
we shall show that their interpretation does not lead to the unpolarized sequence v = 2n/(3n + 2). 



9 


2.2 The doublet model 


Consider a two-dimensional system of non-relativistic spin-1/2 electrons in the presence 
of a magnetic field perpendicular to the plane. We assume that the (effective) Zeeman 
energy may be small but non-zero, i.e., SU(2) spin symmetry is broken but U(1)<S>U(1) 
charge symmetry is intact. The complicated interaction among electrons is represented 
by the interaction of electrons with CS gauge fields and (weak) fermion fermion inter- 
action, (although we neglect the latter interaction for describing the model for the 
sake of simplicity) . The dynamics of the system is then represented by the Lagrangian 
density 

£ = + PM a*)*. + la.c'^G&aj . (2.1) 

Here ip is the fermionic field and f and 4- represent the spin up and down respectively. 
The operator 

V{al) = iDl + (1/2 m*)D r k 2 + M + (g/2)l* B (B + b r )a (2.2) 


with D T lL = d fl - ie(Afj, + a/) where is the external electromagnetic field and a £ 
is the CS field which interacts with the particles having spin indices r =t, I- The 
fixed density of particles in the system is implemented by the introduction of chemical 
potential (jl which acts as a Lagrange multiplier, e and m* are the charge and effective 
mass of the fermions respectively. We have introduced a doublet of CS gauge fields in 


(2.1) as 

(al) 

a > = > ’ 

v i / 

and the strength of the CS term is taken to be matrix valued: 


(2.3) 


e = 




(2.4) 


is the transpose of the doublet field a^. Note that the choice of the matrix (2.4) 

is the most general one that one can consider for a spin-1/2 single layer system, 

3 For a double layered spinless system, such a symmetry is not necessary: the diagonal elements 
are not same in general, however the off-diagonal elements have to be same, as in this case, because 
of interlayer symmetry. 
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following from the requirement that the parity operation transform the np 'pin 
down spin fermions and vice versa. The CS interactions provide flux tube ana. a’ 


with the particles. In the MF approximation, these Huxes smear out tv produce tia-at: 
CS magnetic fields. Note that the Zeeman term in Eq. (2.1i comprises of both the 
external magnetic field B and the CS field If . pn is the Bohr m;: m ’* rr - * ! ! 

for spin-up(down) electrons. The action given by Eq. (2.1) is invariant under the ( ' 1 

gauge transformations 


aj 4 -¥ aj 4 + 9 a1 A t4 (x) , ^,4.(2) -4 Gxp[ieA r4 (x}j?,v J2) . 




p p 

In other words, the doublet model is abelian. 

In tilted field experiments, the B field is not perpendicular to the plane. In those 
cases, the spin labels f, 4- associated with fermionic fields refer to the quantization axis 
defined by B + b r . The CS field b r is of course always perpendicular to the plane. We 
uote further that the g factor acquires the effective value g t ^ = c/jO -f h r j/ ( H * h T ), 
Note that p e ff is a tunable parameter. 

The above Lagrangian density has several interesting features. Let its diagonalize 
the matrix 0 , with eigen values 9± = 9 X ± 1 9 2 , and denote a „ in the eigen basis by 

\ 


a,. 


( < 
l°i 1 

By simple rescalings Eq. (2.1) may be written as 

9 4 


( 2.01 


£ = ipp{a+ + t + ^£>(aj - a M + -t^ a p u at + 


( 2.7) 


This incorporates the idea that each electron, in general, has two kinds of vortices 
associated with it while they interact in phase with spin up particles, spin down 
particles get their subtracted contribution. The relevant equations of motion now read 

v W + %= a l)Mx) r 0 ; V K ~ a P= a iMx) = 0 ; (2.8) 


9+b + (x) - -e(p t (x) +p ; (x)) = -ep(x) ; 
9-b~{x ) = -e(/>f(x) - p;(®)) = -eAp(x) , 
where /»f(Pi) is the density of spin up (down) particles. 


(2.9) 

( 2 . 10 ) 
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2.2.1 Case— I: Unpolarized states 


We first study the case 9 X = 8 % = 9 =>■ 6 + = 8 and 6L = 0. Thus the CS gauge 
field a~ decouples dynamically and merely plays the role of a Lagrange multiplier: 

= Ap(x) = 0. Thus the unpolarized case is accomplished by the choice Q\ = 82 - 
We parametrize 8 = f^(T) (s is an integer) in order to impose composite fermion 
picture on the model. Note that the ensuing CFM is different from the one envisaged 
by Belkhir and Jain who distinguish between the relative phase between like spin 
particles and unlike spin particles for singlet states. In this model, there is no such 
phase distinction. 

The determination of the filling fractions is now straight forward. Since there is 
only one CS gauge field a+, a standard MF ansatz leads to an average CS magnetic 
field (6 + ) = — ^ which is seen by all the electrons. Demanding that the effective LL 
formed by the effective magnetic field B = B + (b + ) accommodate all the particles at 
an integer filling factor 2 p, ( p for up spin and p for down), the true filling fraction u is 
obtained as 


" = • (2 ' n) 
4sp + 1 

The energy corresponding to each level is obtained as e na = (n + l/2)u> c — 

(n = 0, 1, . . .), where the effective cyclotron frequency u c = —J3, which provides the 
energy scale for CF. All the states obeying Eq. (2.11) are spin unpolarized. Recall that 
p can be a negative integer as well in which case B is antiparallel to B. Note that the 
sequence (2.11) is exactly the same as that was obtained by Wu et al [48], and does 
indeed accommodate all the known experimentally observed states with u < 1 and 
also maintain consistency with the numerical result that all even numerator states are 
unpolarized. In the limit p -4 00 , v -» l/(2s) => that all even denominator states may 
also be unpolarized. Further by particle-hole symmetry, the states 2 — y, and the states 
2 + v which are obtained by the addition of LL [48], are also unpolarized. It is indeed 
true that the even- numerator levels such as v = | and -y [35] and even-denominator 

state like v - § have been experimentally observed to be unpolarized [53]. 

It is worthwhile to note here that the choice 9\ — —82 ~ 9, i.e., 0+ = 0 and — 9 
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leads to decouple a+ field dynamically. This choice provides non-zero spin density but 
zero particle density which is unphysical. Therefore this particular choice is ruled out. 

2.2.2 Case-II: Partially Polarized states 

We now consider the case 9i ^ <9 2 in order to obtain partially polarized states. In the 
diagonal basis 9± = 9 X ± 9 2 ^ 0. The study of the Lagrangian now offers several novel 
features. In general, the phase picked up by a spin around a like-spin is different from 
what it would pick up around an unlike-spin. Moreover, the MF ansatz now involves 
smearing two fields {&*) which are not necessarily equal. We find that 

= B + ( b + ) + (b~) ; B l = B + { b + ) - (b~) (2.12) 


are respectively the fields seen by spin up and spin down particles. Consequently there 
are two energy scales corresponding to the two gaps at the MF level. It turns out that 
for known partially polarized QHS, — B^ 

We again implement the composite fermion requirement. This leads to the condition 


f 1 1 

~ e (A + (L 


2ir 


(2s). 


( 2 . 13 ) 


However allowing the unlike spins to pick up arbitrary phases we write 


- e 





( 2 . 14 ) 


where k is arbitrary. 

Let us parametrize 9± = (e 2 /27r)(l/s-j-). Demanding that exactly (p|) numbers 
of effective LL be filled by spin up (down) electrons, we obtain 


^ = v~ [PS+ + ’ ( 2 ‘ 15 ) 

^ = £ - [P s + “ (^P) 5 -] > (2-16) 

where p’s are the corresponding mean densities and A p is the mean spin density. Note 
that if Ap = 0, s_ is irrelevant. In other words, the requirement of unpolarized spin 
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states causes a collapse to Case-I. Solving for A p and v we obtain 

A p _ Pr -Pi 
P Pt + Pi + 4s_p t P4. ’ 

v = Pt + Pi + 4g -PtPi 

1 + {s+ + s— )(p t +pj + 4s + s_p t p ; ' 


(2.17) 

(2.18) 


Observe that Ap ^ 0 if and only if p-j- ^ pp Note that for A p = 0. s_ (being an 
irrelevant parameter) needs to be dropped. We now discuss different physical situations 
below. 

(i) We study the extreme case s_ = 0, i.e., mean CS magnetic field ( b~ ) = 0 first. 
The CS field a~ is decoupled at the tree level (in contrast to the unpolarized states 
where a~ is completely non- dynamical). Notice that this choice corresponds to = oo 
but finite 9 + . This infinite limit is in the same spirit of IQHE limit of FQHE for fully 
polarized QHS (see the line below Eq. 2.20). Further partially polarized integer QHS 
would be obtained in the limit 9 + — > oo, i.e., s+ = 0. 

We have s+ = 2s by virtue of composite fermion requirement. Since ( b ~ ) =.0, the 
effective magnetic field for both spin up and down particles is same. This leads to the 
actual filling fraction and the spin density to be 


v = 


Pt+Pir 


; Ap = p 


vPt+PT 


(2.19) 


2s (p-j- +Pi) + 1 

The relation p-f ^ pi naturally leads to partial polarization. The effective cyclotron 
frequency ui c is related to u c = eB/m* by u> c = u> c [2s(pf + p{) + 1]. 

In the limit of high Zeeman energy, only the up spin states will be populated. In 
other words, p± = 0. In that limit, we obtain the Jain sequence [18] 


Pt 

2spf + 1 


( 2 . 20 ) 


for fully polarized (spinless) QHS. The limit s = 0 gives the fully polarized integer QHS. 
The choice p t = 1 provides fully polarized Laughlin sequence [14], v — 1/(2 s + 1). 
Finally the limit p t = oo gives rise to fully polarized even denominator states with 
v — l/2s with a vanishing gap of excitations (d> c = 0). 
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For small Zeeman energies, we may take p* - p i + 1 = p (say). Then 

Ap 1 2p-l 21 , 

p 2p - 1 1 2s(2p - 1) + 1 

These states are indeed partially polarized, becoming fully polarized when p = 1. Then 
v x = 1/(25 + 1) is again the Laughlin sequence known to be completely polarized 
[39]. It is interesting that in either of the limits (small or large) of Zeeman energy, the 
Laughlin sequence is fully polarized. The case s = 1 yields the sequence obtained by 
Wu et al [48]. Particle-hole symmetry and the addition of LL imply again that 2 — u 
and 2 + i' are also spin-polarized. It turns out that the sequences given by Eqs. (2.11 
and 2.19-2.21) exhaust almost all known integer and fractional states — with full, 
partial or no polarization. 

(ii) Consider the case s + = 0, i.e., (b + ) = 0. The CS field o+ will be decoupled from 
the tree level. This choice provides ui ^ 2* and s_ = 2s for the composite fermion 
requirement. The sequence of states with polarizations is given by 

&P = PtZli . v = Pt+Pj + 2 Wl r 2 n) 

P Pt + Pi + 2 Wl ’ 2s (Pt + Pi) + 1 ' ’ 

This sequence of states is not experimentally observed. 

(iii) The model can accommodate many more states corresponding to B* ^ B i . As 
an interesting exercise, let us construct the sequence of states that would follow from 
Belkhir and Jain proposal [51]. This corresponds to the choice k = 1 in (2.14), whence, 
s + = 3/2 and s_ = 1/2. We obtain 


A p _ Pt ~Pi . 
p Pt + Pi + 2 PtPi ’ 
v = Pt+p. +2p t pj 

1 + 2(pt + pi) + 3p t Pi ’ 


(2.23) 

(2.24) 


which clearly is a new sequence. Therefore, Belkhir and Jain proposal [51] does not 
correspond to the unpolarized sequence v = 2n/(Zn + 2) that they have studied. 

(iv) In general, the family of sequences is given in terms of four independent pa- 
rameters (pt, P 4 ., 5 + , s_), subject to the composite fermion constraint: s + + s_ = 2s 
(an even integer). It raises the interesting question of the uniqueness of the v values 
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obtained. We note that the sequences are indeed different, and any accidental degener- 
acy (he., same u value from different sequences) does not make the model ambiguous. 
For, it would correspond to different gap energies, which can be determined, say, by 
the activation of diagonal resistivity. In short, the QHS are labeled by v as well as 
ihf’F These states correspond to ^ in general. One expects that the charge gap 
is same for both the spins in a single layered system. Therefore, these general states 
may not occur in such a system. However in a bilayered system, it is certainly possible 
that the charge gap in two layers are different and hence such a general sequence of 
states may be possible in bilayered systems. 



Chapter 3 

Wave functions for arbitrarily 
polarized quantum Hall states 

3.1 Introduction 

In the previous chapter, we have described the doublet model for arbitrarily polarized 
QHS, employing a doublet of CS gauge fields. We have seen that with appropriate? 
choice of parameters, MF ansatz reproduces correctly the experimentally observed 
sequences of QHS with correct spin polarizations (see Eqs. 2.11 and 2.19-2.21). Recall 
that these sequences correspond to identical gap of excitations for both the spins, 
he., ti>l = In this chapter, we develop fermionic CS theory employing the doublet 
model and make several theoretical checks for viability of the model. We determine the 
absolute square of the many body -wave functions for these sequences using the same 
methods as developed by LF [54] for fully polarized QHS. We show that the asymptotic 
properties of the wave function, in the small Zeeman as well as thermodynamic limits, 
are completely determined by the long distance behaviour of the equal-time density- 
density correlation functions of different spin species of electrons. Gratifyingly, we 
recover the well-known Halperin wave function [34] for spin unpolarized v = 2/5 state, 
and Laughlin wave functions. Secondly, as an important exercise, we show that the 
Hall conductivity gets quantized at the magic filling factors given by the sequences of 
states that we obtain from the MF ansatz. Finally, we show that quantum fluctuation 
in CS gauge fields restore the Kohn’s theorem [55]. 
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In the context of determination of wave functions, we may mention that Fradkin [56] 
has proposed a method for determining the absolute square of the many particle wave 
function for the ground state of a system from a knowledge of correlation functions 
which are generally computed in field theory. This beautiful method which employs 
the generating functions for equal-time correlation functions is applicable to any field 
theoretic problem. If one further knows before hand, or assumes, that the many particle 
system is non-degenerate, the many particle wave function is also determined thereby, 
apart from the gauge dependent phase which is essential in determining expectation 
values of observables such as velocity. Using this formalism, LF [54] have extracted 
the wave functions for fully polarized QHS within the CFM. Remarkably, they recover 
the Jastrow part of the Laughlin wave functions unambiguously for filling fractions 
v = l/(2n + 1) which have been known to be exact by the work of Haldane [57], and 
Kivelson and Trugman [58]. Note that this result vindicates the MF ansatz which one 
normally employs for the CS field. More generally, LF [54] show that the Jastrow form 
is indeed generic to all states with filling fractions v = p/(2sp + 1) (p, s are integer) 
which occur in the CFM. Further, the long distance properties of the many body wave 
function are universal, being independent of the microscopic charge-charge interaction. 
Yet another interesting aspect is that the wave functions are in general non-analytic. 
That is, the exponents that occur in the Jastrow form are arbitrary rational numbers. 
We discuss the origin of the non-analyticity below. 

There are several other determinations of the wave functions for QHS apart from 
the one mentioned above. Zhang [59] has derived the Laughlin wave functions from a 
Chern-Simons-Landau-Ginzburg (CSLG) theory, which is developed by Zhang, Hans- 
son, and Kivelson [60] for u = 1/m (m odd) states. In this approach, a Gaussian 
approximation to the CSLG Lagrangian yields a set of harmonic oscillators, whose 
ground state is of Jastrow form, with the same long distance behaviour as that of 
Laughlin wave functions. Recently Rajaraman and Sondhi [61] have set up a bosonic 
field theory for the FQHE using an operator algebra based on Read’s operator [62]. 
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In their analysis, the Laughlin states are obtained at. the MB level it. sell. 1 Ft /;uvn and 
Iwazaki [63] and Moon et al [64] have derived Halperin (m.m.ni states for double lay- 
ered system using CSLG theory by employing a pr<nvdure similar to that of Zhang 
[59]. As mentioned earlier, we follow the procedure of LF [54:. To that end we derive 
below the generating functional. 


3.2 The generating functional 


We now reinstate (weak) short-ranged interactions, which we neglected in the previous 
section while describing the model, between CF. Then the new Lagrangian density 
reads [see Eq. (2.7)] 

C = ii^V(Al+ a* + + iplV[A l r + a* - + 

+Y^ x a;d„al-eA$(x)p + ±J . ( 3 . 1 ) 

with the new covariant derivative D£ = - ie(.4 J[1 +• A T fl + a r [L + .4 ]"()),(,), where we 

have introduced two external probes 2 (r =t, |), interacting with only the particles 
having spin index r. The field Mg n is identified as an internal scalar potential. The fifth 
term in Eq. (3.1) describes the charge neutrality of the system. Finally, V~ l (x - x 1 ) 
is the inverse of the electron interaction potential (in the operator sense). The quartic 
form of the interaction of CF would be achieved by an integration over ,4jj n field. 

We employ the path integral formalism to evaluate the partition function 

Z K> A t\ = I W][d^)W)[d^*) (3.2) 

from the Lagrangian density in Eq. (3.1). We proceed with the evaluation of Z by per- 
forming the integration over the fermionic fields first. The resulting partition function 
can then be written in terms of the effective action 


S = —i Tr In iD T 0 + n + 


2m 


- D r 2 


k + + ^ r ) a 


1 They have not considered the fluctuations. 

2 These probes are introduced merely for the calculation purposes, viz., the mixed spin density- 
density correlations. However, any electromagnetic response of the system has to be determined with 
the real electromagnetic probe, as we shall do below. 
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+ / + J (Px^e^d^dvCL A -e J d 3 xA l Q{x)p 

+1 J d 3 x J d 3 x'A£(x)V- l (x - a/)4 n (a/) (3.3) 

for the gauge fields, incorporating the bulk effect of fermions of the system. 

3.2.1 Fixing of saddle point 

The partition function Z will be approximated now by the expansion of the fields 
around a saddle point configuration of the action S (3.3) in powers of the fluctuations. 
Let the saddle point configuration of the gauge fields be . 

a t O) = <aj (*)) + 8jj(x) , 4 n (z) = <4 n (z)) + i?(aO > (3-4) 

where (• • •) represents classical value and a±(: x) and .4g n (x) are the corresponding fluc- 
tuating parts. The saddle point configuration is of course fixed by demanding that S 
be stationary under small fluctuations. This requirement yields the classical equations 
of motion 

= 0 =* (j^x)) + = o , (3.5) 

= 0 =» (j°(x)) - p+ f d 3 x'V~ l {x - x'X-^o 1 ^)) = 0 , (3.6) 
<aj>.<4 n > J 

where represents mean value of the fermionic charge and current. Uniform 

particle density implies 

{j 0+ {x)) = (j°{x)) = p , (j°~(x)) = p t - p l = Ap. (3.7) 

As LF [19] have pointed out, these classical equations possess more than one possible 
solution, viz., the uniform (liquid) state and Wigner crystals. The solution with uniform 
particle density, which represents a liquid phase, is consistent provided 

(4 n M) = 0 . (3.8) 

We discuss only the liquid phase of QHE here. 


<55 

<5a±(z) 

55 

<5A(:r) 
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3.2.2 Mean field ansatz 


Since there is a vanishing mean current and non-zero mean particle density, the MF 
approximation provides (see Eq. 3.5) vanishing average of CS electric field, i.r.. (e~) = 
0 and a uniform CS magnetic field (6 ± ). As we have discussed in the previous chapter. 
b~ field is absent for unpolarized states while (b~) = 0 for partially polarized st ates. 
In any case, the net magnetic field B is a sum of (6 + ) and applied magnetic field B. 
Therefore the QHS at hand correspond to same gap of excitation for both the spins. 
Le., u>l = = Q c = 

Let p t (p±) be the number of LL, which are formed by effective field B, filled by 
spin up (down) particles. This leads to the actual filling fraction and spin density [see 
Eqs. (2.11), (2.19)— (2.21)] to be 


Pt+Pl 

2s (Pt + Pi) + 1 


Ap = p 


f Pt 

\Pt+pJ ' 


(3.9) 


Note that p t and p i can be negative integers as well in which case B is antiparallel to 
B. The effective cyclotron frequency lo c is related to the actual cyclotron frequency 
= ~B by u) c = Q c [2s(pf + pj + 1], For unpolarized QHS, p t = p l = p (say) and 
therefore the states with filling fraction v = 2p/(4sp+ 1) are spin unpolarized in the 
limit of small Zeeman energy. In this limit, p t = Pl + 1 for partially polarized states 
with Ap/p = l/(p t +p|). Fully polarized Laughlin states are obtained for p t = 1, 
Pi = 0. The IQHE states correspond to the choice s = 0 (ie., 9 + = oo), in which case 
mean CS magnetic field is zero. 


3.2.3 Gauge field fluctuations 


Employing the above MF ansatz, we expand the action S given by Eq. (3.3) in powers 
of fluctuations of gauge fields. The quadratic term in powers of fluctuations is identified 


as one-loop effective action and is given by (dropping "for the fluctuations) 

S (1) = I d?x]d?*(Al +<+ % + 4"<wnr (x, *0(4 + a* + a: + 4”i„) 

-i jd\ftf x '(Al + < - <£ + .-if wnft*. *0(4 + at - a; + 4"^) 
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Figure 3.1: The polarization tensor W^x^x') is diagrammatically shown. Here x and x' 
are two space-time points. In the second diagram, x and x' correspond to same space-time 
point. The lines with arrows represent the single particle Green’s functions. 


+ / d 3 x 

+i J d 3 x j d 3 x'AS(x)V-\x - i')4”M . 


(3.10) 


where the polarization tensors 


nrOz,x') = 


5 2 S 

SA^SAl 


J 

(4).<4 n > 


-i{tf(x)j v T {x')) c - 


[ S Jr( X ) \ 

\5Al{x')j ’ 


(3.11) 

(3.12) 


which is diagrammatically shown in Fig. (3.1). Here (• • •) represents the expectation 
value in the MF ground state, and C refers to the connected diagrams of the two 
particle correlation functions. A 1 ^ is the sum of all gauge fields interacting with the 
spin species r, and j?{x) is the fermionic current operator corresponding to spin index 
r. Note that the field a~ in Eq. (3.10) does not exist for unpolarized states (see case- 
I in the previous chapter) and hence Eq. (3.10) reduces accordingly. In the partially 
polarized case, we have s_ = 0 (see (i) of case-II in the previous chapter), i.e., (?_ = oo, 
a condition which we impose at the end of the calculation. 

The fermionic current operators are given by 


il(x) = ef(x)f(x) , (3.13) 

Mx) = i^[il,"(x)DW(x)-(DW'(x))r(x)] 

+|/*6etj9j W(x)ml! r (x)) , 


(3.14) 
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where the index r is the labeling for spins. The single particle Green's function 

G r (x, x') = -i(Tv r {x)v r '{x')) (3.in) 


can be obtained by solving the differential equation 

(id o - H r + ju)G r (x. x') = S^(x. x') 
subject to appropriate boundary conditions. Here H T = - 


(. 3 . 16 ) 


1 nr’. 1 


D r k ~ - %n B Ba is the 


Hamiltonian. Note that Green’s function G(x, x') is diagonal in spin space: 


G = 


G r 0 
0 G 1 


( 3 . 17 ) 


Thus using a suitable limiting procedure, one can express the mean fermionic current 
and polarization tensors respectively in terms of G r (x, x') as follows: 


OoO)) = ieG r (x,x') 


X'=X , t'=t+0 + 


OIM) 


2m* 

i 


(PI - D t *)G t (i.x') 


!X'=A\t'=t+0+ 

+i^Bcre k j (dj G r (x,x') + dJG r (x,x')) 


A''=X ,«'=<+()+ 


nSo (*,«') 

n^(x, x') 


= ie 2 G r (x, x')G T (x\ x) , 


2m' 


[G^x^GV,*) - (TrG r (i,x'))G r (x'x)] 


= 


+*ef/*B<7€jyd- [G r (x,x')G r (x',x)] , 


PfcG r (x,x')D|G r (x , ,x) - (D T k D\'*G r (x 1 x')) G r (x', x) 


( 3 . 20 ) 


( 3 . 21 ) 


4m* 2 


+£>['* G r (x, x')D r k *G r (x\ x) - G T (x,x')D r k D\'G r (x' ,x)} 
2 

($(* - x') + 8(x" - x')) G r (x, x") 

e 


Q 2 

+* ij^did'j [G r (x, x')G r (x', x)] 


A"=A,t"=t+0+ 


2m* 

e 

2m* 


(|) Wtjkdj [G r (x, x')A r, G r (x', x) - (D\*'G r (x, x')) G(x\ x)] 

(|) [(2^G r (x,x')) G r (x',x) - G r (x, x')D r k G(x', x)j . 

(3.22) 



23 


Note also that Tl ,w {x, x') is diagonal in spin space. Also, by the gauge invariance of 
the one-loop effective action in Eq. (3.10), we have 


cff rif Or, x') = 0 . 


(3.23) 


The one-loop effective action in the Fourier space reads 

gF) = — - J ^ 27r )3 a J + a n + ^ 0 n ^o)nf (u> , q)(Aj) + + Aq 11 ^) 

~ 2 / ^9^3 + a t - a ii + ^o n< Wnf’ , (w , q)(A;j; + a+ - a~ + Ao n 5„o) 


y 

y 


e 


{2-nf 

d 3 q 

(2^f 3 [ 2 

d?q 4 n ^-'(|q|)4 n ■ 




(2tt) 


(3.24) 


As a consequence of gauge, translational, and rotational invariances the polarization 
tensors 11^ (ia, q) can be resolved as: 

n^(w, q) = nj’^w, q )(?V l/ - + (n^’Vi q) - nJ’V, q)) 

x (q 2 ^ - q l q j ) 5^5^ + q)e^V , (3.25) 

where q 2 = u 2 — q 2 . Here are the V , T violating form factors. An evaluation of 
the above form factors in the lowest order in q 2 yields (see Appendix A for details) 

” 2X Wc (3.26) 

(3.27) 

^ “ 2^) ' (3 ' 28) 


nj 4 (^, q) 


niv.q) = 


2tt ) UJ 2 
] » 2 \ U1 2 C ' 


Pu 


n£V,q) = 


-- 0J ~ 

inm* 


to 2 — a: 2 u 2 — 4a; 3 


3.2.4 The effective action 

Since the effective action S (1) in Eq. (3.24) is quadratic in aj, a“, and Aj, n , we can 
integrate out these fields and obtain the effective action for the external probes Aj )4 \ 
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Performing the integrations 3 in Eq. (3.24). weobtain the effective action fur externa! 
probes to be 

«. K-4j] = | / «>•<(-'/' • 

where the indices r, r' =t,l- Here K%(u\ q) is the effective polarization tensor, which 
is also the response functions. Note that, unlike U ,u \ K 1 "', is not diagonal in spin 
space: the CS gauge field fluctuations mix up the spin degree of freedom in current 
correlations. It is sufficient for our purposes to evaluate the density-density correlation 
functions K We find (for low q 2 ) 


ipuu _ 

A tr - 


K n = 


i<n = 


7X00 

K it 


nj + nj 


nl + ni 


nhij- 


n; 2 «i 


njnj- 


(nS + nj)V-(nI + n{ + «+)*_ 

nj 2 e ’ 

(nj + nj) 2 w 2 -(n; + n{ + «+)"_ 


nj + nj 

K oo 

A n > 


nlni + 




(nJ + nJ)V-(nI + n{ + 0 + )‘ 


+ C?(q 4 ) . (3.30) 

+ 0{ q‘) . (3.31) 

+ (9(q' 1 ).(3.32) 
(3.33) 


subject to the condition lim q 2_^ 0 V r (q)q 2 = 0. In other words, wc assume the inter 
fermion potential is more short ranged compared to Inl/r. Here K™, A' 3 ?, A'?° and 
Kfl represent the density-density correlations among spin up-up, up-down, down-up 
and down-down species of the particles respectively. 

Recall that a~ field is dynamically absent for unpolarized QHS in Eq. (3.24): the 
integration is performed only over a+ field in this case. On the other hand, for partially 
polarized QHS, a~ field is present at the fluctuation level. Therefore, in this case, the 
integrations are performed both for and a~ fields. At the end of the calculation, 
the limit s = 0 (i.e., 0_ = oo) is taken for partially polarized QHS. The expressions 
(3.30)— (3.33) hold both for unpolarized as well as partially polarized QHS, although 
the procedures for evaluating them are different in two cases. The higher order terms in 
3 One convenient gauge choice is to chose the Coulomb gauge qiA\ = 0, qiaf = 0. 



25 


q 2 which we have dropped in Eqs. (3.30-3.33) do not contribute in the thermodynamic 
limit. 

3.3 The wave functions 

As Fradkin [56] has shown, for deriving the absolute square of the many body wave 
function for the ground state of a field theory, one needs the generating functional of 
equal-time correlation functions. We consider here the density representation. The 
eigen states of the density operator, Sp r (X ) provide a basis for (the subspace of) states 
with a fixed number of particles having spin index r. We project out the ground state 
of the system in this basis. 

As we need only equal-time density-density correlations, the fields Aq and Aq of the 
probes need to act only at one time, say £ 0 - In other words, let 

A r 0 (x) = A r 0 (X)5(x 0 -t 0 ) (3.34) 

and let the space-like components of A^x) be zero. By substituting this in Eq. (3.29), 
we evaluate the generating functional for equal-time density-density correlation matrix 
AT°° . This is given by 

2 {Ah A$] = exp -^Jj^A r Q (q))C rTl (q)A r o{-q) (3.35) 

with 

£rr' (q) = J ^~ K rr' ( W » q) (3-36) 

which we obtain as 

r p 2 

JC = SL ( e l \ 1 + 2dPt+Pi)+l + 2*(Pt+Pi)+l 

2tT \ 2 / (p++Pl) -0+0, 4 HlEi o+o i 4 — 

V J ^ [ PtPl + 2s(p t +Pj.)+1 nPl ^ 2s(p t +pj.)+l 

Using the same procedure as employed by LF [54], we write the square of the 
modulus of the ground state (non-degenerate) wave function for QHS of mixed spin as 

MPt>Pl)\ 2 = J[ d A][dA]Z[Al,Ai]exp ^-ie J j^A r o(q)6p r {-q) , (3.38) 
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where Sp r {o) is the Fourier transform of the density fluctuation 

Sp r (x) = Y,6(X - x;) - ,< r . 

Z= 1 

which is the eigen value of 5p r ( X). Here N r is the number of particles with spin index 
r(=t,l), Pr is the corresponding mean density, and X,(r) is the position of i-tli particle. 
Now the integrations over Aq and Ag in Eq. (3.38) yield 

|*[^, ft ]| 2 = exp |/^j<5p r (q)/C-!( q ) i 5/> r .(-q) . ( 3 . 40 ) 

The following remarks are in order here before we evaluate (3.40) for various cases. 
Note that we determine only the modulus square of the many body wave function. 
The corresponding wave function would have a phase which is. in general, gauge de- 
pendent. The phase is further required to ensure proper symmetry under the exchange 
of particles. It may be seen that so long as the Jastrow form of the wave function 
is known to be a monomial in the relative coordinates, it is easy to project out the 
antisymmetric part by supplying the appropriate phases. To that extent, the wave 
function gets determined in this formalism. This procedure would, however, fail if the 
many particle density (and hence the wave function) is a multinomial expression in 
the relative coordinates. In such a case, there does not seem to be any procedure to 
construct the wave function with proper symmetry. One would then have to be con- 
tented with a determination of the density. We may also remark that the Jastrow form 
of the densities that we have obtained in this paper are proper monomials in relative 
coordinates. 

An exception would occur when the antisymmetric projection identically vanishes. 
Clearly, this signifies an incorrect/incomplete evaluation of the density density corre- 
lator. We find (see below) that the v — 1/2 s states fall into this category. Presumably, 
the formalism employed to evaluate iv// is inadequate for these states. Not very sur- 
prisingly so since these states correspond to B = 0, where the Landau level picture 
breaks down. 

We shall continue to use the word wave function loosely to mean the densities in 
subsequent sections. 
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3.3.1 Unpolarized states 


For the unpolarized states, both up and down spins are equally populated. Therefore, 
Pt = Pi ~ P/2 and N-f = N± = N/2 where N is the total number of particles. We also 
have seen that p^ = p± = p for unpolarized states. Plugging these values in Eq. (3.37) 
and employing it in Eq. (3.40), we obtain 

l*[Pt,P|]| 2 = exp d 2 X I d 2 Y5p t (X) In 


x exp 


2 sp + 1 


Jsx I 


x exp 2(2 s) J drX j d?Y6p t (X) In ~ , (3.41) 

where we have transformed back into the real space. We have further introduced a 
long-distance cut off R which is the system radius. Both the magnetic length and 
inter-particle distance are much less than R. From Eqs. (3.39 and 3.41) , if follows that 
the modulus square of the many body wave function for the ground state of unpolarized 
QHS having filling fraction v — 2pf (4sp + 1) is 




n xi-x} 


|2(2sp+l)/p 


TT ! y -4 _ y 4 | 2(2sp+1)/p TT 


x n xi-xt 


n\xi~x 

i,k 


i-xtr 


x exp 


E xy + Y,xl 


(3.42) 


where Xj(Xf) represents the co-ordinate of i-th spin-up (down) particle and l = 
(eB)~ 1 / 2 is the magnetic length of the system. 

(i) Consider the unpolarized state with u = 2 which corresponds to the choice s = 0 
and p= 1. Thus the | 1 F |^_2 is given by 

N/2 N/2 f , /N/2 N/2 V 

|t|L 2 = ni4-x;pni4-xil 2 xe XP £4 +E 4 - < 3 - 43 > 

i<3 k<l L \ i=1 *=1 /J 

which is well known (see Ref. [65]). 
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(ii) The spin unpolarized wave function of u - 2/5 .state whit 
choice s = 1 and p = 1 is obtained from Eq. (3.42) as 


1^ 15=2/5 


= n R -4!* n ‘II ,v;...v 

i<j k<l i.k 


This is exactly the same wave function as proposed by Halperin [34] for unpolarized 
v — 2/5 state. 

(iii) The Jastrow part of the [T| 2 in Eq. (3.42) can be written as 


'Nj 2 A'/2 N/2 1 - 

l*P ~ n 14 - 4P* n R - 41 s * n 14 - A;! 2 - v p . (3.15) 

J<j k<i i,k 


where 


x P =n i4 - 4i 1/p n i4 - 


(3.40) 


is the wave function for the integer filling state p. This T is indeed the same wave 


function as proposed by Jain et al [48, 66] for unpolarized states with u = 2p/{-lsp -M l. 

(iv) However, the wave functions (3.42) differ (except for the state v ~ 2/5) from 
the trial wave functions for the sequence v = 2n/(3n + 2), proposed by Belkhir and 
Jain [51]. This is not surprising because their proposal regarding vortices associated 
with spins does not lead to unpolarized state, as we have seen in the previous chapter 
(see (iii) of Case-II). 


(v) We now consider the states v = 1/2 s. The wave functions are obtained, from 
Eq. (3.42) in the limit p = oo, and read 


' N/2 

N/2 

N/2 

hr- 

4i 2 * n r 

- 4P* n R - 41 s * 

_i<j 

k<l 

i^k 


r i eg . 2 w 2 \] 

x “P ~2P £ 4 + E 4 ■ (3.47) 

\i=l Jk=l ) 


These densities are clearly unphysical, since the antisymmetric projection of their cor- 
responding wave functions vanishes identically. In fact, our result disagrees with the 
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ones determined by Haldane and Rezayi [67]. As we remarked earlier, this may be due 
to the breakdown of the Landau level picture for these states. 

(vi) The |4 /] 2 for spin unpolarized IQHE states, which correspond to the choice 
s = 0 , is given by 


N/2 N/2 

m 1 = 2 , = n 14 - A'/l 2 * n l 4 - X\\^ x exp 

i<j k<l 


f'E 
^ [h 


X 


N/2 


+ E 


4 


k= 1 


(3.48) 

Note that Unlike the FQHE states, the IQHE wave functions have vanishing exponent 
of the overlapping Jastrow factor |A7 — Xj:\. Therefore particles with unlike spins are 
uncorrelated for the integer states. We can see it from Eq. (3.37) as well since the 
matrix X is diagonal for the choice = p± and s = 0 . 

Clearly the wave functions (3.42) are analytic only for the states with v = 2/(4s±l) 
which corresponds to p = ± 1 . On the other hand, all the states with other finite 
p are non-analytic, in the sense that they become multivalued. The reason behind 
analyticity/non-analyticity will be discussed in section (3.3.4). 


3.3.2 Partially /Fully polarized states 


Partially polarized states have unequal population in spin species. As discussed earlier, 
for small Zeeman energy, let p+ = p± + 1. The filling fraction and the corresponding 
spin densities are given in Eq. (3.9). Therefore, 4 . = p[pt,l/ (Pt + Pi)} and AQ 4 , = 
N \Pt,l/(Pt + Pi)]- Using the same procedure as discussed for unpolarized states in 
section (3.3.1), we obtain the wave function for the ground state of partially /fully 
polarized states from Eqs. (3.37)-(3.40), 



N t 


i<j 

x ri 14 - 4| 


2(2sp T +l)/p T 


2(2spi+l)/pi 


k<l 


x exp 


II |4-4 

i,k 


2(2 s) 


1 f N ' , ,2 ^ , 

E4 +E4 

ZL \i=l 


(3.49) 
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(i) Rearranging the ,J as trow part of the i'l'y in E*.q. i ?. we write 

w-fn w - xj m n H - .wr 1 n ' # - .v*f 


where 


iv-j* . •>; 

w -n|4-v;rnj.vi-vi 


is the wave function for integer fillings— j> and p ; for spin up and down parlirles 
respectively. Eq. (3.50) is exactly the one proposed wave functions by Wu. Dev. and 


Jain [48] for partially polarized states. 

(ii) The choice s = 0 again corresponds to partially polarized 


states with 


1*6= 


2 

i '=Pt+Pi 


n|4-j?rni-Yi-^r 

i<j k<l 

r i (* t2 **.. „ 

xex p ~on £ - Y = +E A Jt 


(3.52) 


Note again that the particles with unlike spins are uncorrelated for partially polarized 
(like unpolarized) IQHE states, as also can be seen from Eq. (3.37). 

(iii) The determination of |\&| 2 for fully polarized QMS from Eq. (3.49) requires 
a slightly special treatment. For fully polarized QHS, jn = 0, All the form factors 
(3.26-3.28) corresponding to spin down particles vanish and hence the effective action 
(3.24) is entirely for the spin up species. We therefore drop the factors corresponding 
to spin-down particles in Eq. (3.49) and set .\ r t = N. Then 


=p T /(2sp T +l) 


= 114-4 


2(2spf+l)/pr 


ex P x i 


(3.53) 


which has been obtained by LF [54] in their pioneering work, considering spinless 
system from the very beginning. The |\fr| 2 for fully polarized Laughlin sequence can be 
obtained for = 1 from Eq. (3.53). 

It is clear that the wave functions are non-analytic for p t > 1, which is the case 
for partial polarization. However, for p-j. = 1 and — 0, which essentially gives fully 
polarized Laughlin sequence, (3.53) is analytic, in agreement with the result of LF [54] 
for spinless systems. 
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3.3.3 General remarks 

While an infrared cut-off required to capture the exponential part of Eqs. (3.42) and 
(3.49), the Jastrow part of the wave functions is obtained unambiguously. The wave 
functions in Eqs. (3.42) and (3.49) are evaluated in the thermodynamic limit ( R -4 oo) 
but not really for an infinite system, as a consequence these are not translationally 
invariant. At this juncture, we recall that the well known Laughlin wave functions 
have also broken translational symmetry. 

As LF [54] have argued for fully polarized QHS, the above non-analytic nature of 
the wave functions suggests that in a general case, for unpolarized or fully polarized 
QHS, the wave functions cannot be written in terms of single particle states of the 
lowest LL, even in the limit B -4 oc. 

Recall that we have derived the |T| 2 at large distances compared to the effective 
magnetic length Z 0 - At length scale comparable with lo , short distance effects become 
important. Details of the fermion-fermion interaction also will play some role. At 
these length scales, |T| 2 may not have the Jastrow form. However, the procedure for 
evaluation of |T| 2 will go through. 

Finally, since we recover the well known wave functions: (i) Laughlin fully polarized 
wave function for u — l/(2n + 1) states, (ii) Halperin wave function for unpolarized 
v = 2/5 state, it is our belief that the model employed here is viable. 

3.3.4 Source of analyticity/non-analyticity 

We have seen that the densities that we have determined involve, in general, fractional 
exponents in the relative coordinates. The corresponding wave functions (in the com- 
plex relative coordinate) will be non-analytic, i.e., multivalued. The only exceptions 
occur when the exponent is an even integer, as it happen, e.g., in the case of Laughlin 
states. 

To gain further insight, let us write the Jastrow part of the wave function for 
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unpolarized states (3.42) in the form, 

i<j- k<l 

xnK-^r 1 ^ 2 ' 1 . 

i,k 

where are evaluated at uj = 0, q 2 = 0. Note that the exponents of the .bust row- 
forms are determined by the parity and time reversal violating factors of the effective 
action given by Eqs. (3.24) and (3.25) . 1/9 is always an even integral multiple of 
(27r/e 2 ), and depending on the effective filling factor p. 1/Flj'* should either be an 
integral or fractional multiple of (27r/e 2 ). Therefore the wave function becomes analytic 
when l/I^’ 4 - is an integral multiple of (2?r/e 2 ), ie., only for p = ±1. while for other 
values of p, 1/nj 4 is fractional multiple of (2?r/e 2 ) and hence the wave function becomes 
non-analytic. 

Indeed, the exponents describe the number of effective vortices ass.-eiat.-d with a 
particle which is seen by others and therefore the exponents of the .last row form between 
like spin particles differ from the same between unlike spins. It is natural that ^ should 
reflect the nature of vortices associated with the fermion. $ is determined from the 
density-density correlations which represent, in fact, the change in local density of the 
system and hence the change in CS magnetic field. This causes a change in the local 
current which is represented by the vortices. 

A similar argument for analyticity/non-analyticity also holds for partially /fully 
polarized QHS. 

3.4 Kohn’s mode and Hall conductivity 

We have introduced the external probes purely for computational purposes, viz., 
for determining the mixed spin density-density correlations which are used to determine 
the ground state wave functions of QHS. All the electromagnetic responses of the 
system are determined by the physical electromagnetic probe which couples to 
both the spins. It is not necessary to compute the response function de novo , since. 
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the correlations found from the probes A0 are related to that from the probe A M . If 
we write 

= q)^(-?) » ( 3 -55) 

the electromagnetic response tensor K^ u is related to K 0, (which we have evaluated 
with the probes through 

K^ = J2 K rr" (3-56) 

r,r' 

Having thus determined K^, considering translational and gauge invariance, we write 
= A' 0 (gV" - q*q*) + (K 2 - A 0 )( q 2 ^' - q Y)<^' + , (3.57) 

where Ao, AT and AT are functions of u and q 2 . 

3.4.1 Kohn’s mode 

The density-density correlation function can then be evaluated in the limit q 2 —¥ 0 as 

k °°(“ . q 2 ) = -kW = - ( 0 ) 00 + o((q 2 ) 2 ) ( 3 -58) 

which is the same for both the cases, i.e., unpolarized and polarized states. 

Note that Eq. (3.58) depends only on u> c , the actual cyclotron frequency. Indeed, 
while magnetic invariance is broken due to attachment of fluxes to particles, for trans- 
lationallv invariant system, the magnetic symmetry must be restored. Therefore the 
centre of mass of the particles should move with the actual cyclotron frequency cu c , in 
accordance with Kohn’s theorem [55]. Thus while the form factors in (3.26-3.28) with 
a dependence on u c seem to violate Kohn’s theorem, we see that the fluctuations of 
the CS gauge fields in fact do restore it. 

3.4.2 Saturation of f-sum rule 

The long wave length form of A 00 (u>, q) in Eq. (3.58), calculated in the MF ansatz, 
saturates the f-sum rule, i.e., 



(3.59) 
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Therefore the higher order fluctuations ('non Gaussian"! in tin- ua 
contribute to the correlation functions at very low q~. 


ue !:•’]<!>. do nut 


3.4.3 Hall conductivity 

Finally, We obtain the Hall conductivity of the system to be 


a H = K i(0,0) = 


(nI(o.o) + nt(o.o))^ 
(nl(o,o) + n}(o. o)) 7Z ’ 


which on substitution yields 


(3.0(1) 


oh — i/(e"/27r) , (3.61,1 

with the value of v given by Eq. (3.9). We have thus verified that o xy does indeed get 
quantized at the filling factors obtained from the MF ansatz. 


3.5 Comparison with bilayered systems 


Before we end, we note that recently Lopez and Fraclkin (LF) [52] have studied QHE 
in bilayered systems with complete spin polarization. There is a close resemblance 
between their approach with the one we have taken here: The Lagrangians tire formally 
the same, with a fermion doublet (while there is layered index in LF, we have the spin 
index here) and a matrix valued CS strength. In bilayered system the interlayer and 
intralayer interaction potentials are different, unlike in the case of spin- 1/2 fermions 
for which the interaction potential does not depend on spin. However, this aspect is 
not important as long as we consider short-range interactions. 

The crucial difference, in fact, is in the (physical) choice of 0. In their work, LF 
[52] have chosen the 0 matrix as 


©lf = 


e 2 1 
27 r 4siS2 — n 2 




2s 2 
— n 



(3.62) 


where Si, s 2 and n are integers. Clearly ©lf has more parameters compared to our 
choice of 0 in Eq. (2.2) since LF [52] have assumed more generically that the particles 
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in two different layers feel unequal number of flux quanta which is, in fact, not possible 
for spin- 1/2 fermions in a single layer. In contrast, our case corresponds to s x = s%. 
Note that this choice is a strict requirement that the parity operation transforms the 
up-spin to down-spin electron and vice versa. There is no such requirement in the LF 
[52] case. More importantly, note that 0 L f is ill-defined for s x = S 2 = nj 2. As a 
consequence, there are fundamental differences in results and interpretation in the two 
approaches which we discuss below. 

Consider the spin unpolarized state first. The corresponding sequence of states 
obtained by LF [52] for equal population in the two layers is identical to Eq. (2.11) 
here for the choice of s x = s 2 = n/2 in Eq. (3.62). A closer look however shows that it is 
precisely for these states, (characterized by the filling fractions rq = v 2 in the two layers 
and the number of particles 1V X = N 2 in two layers in Ref. [52]) that the CS strength 
0 LF becomes ill-defined. The ensuing dynamics is also ill-defined. Indeed as we have 
quoted earlier, LF [52] point out in their paper “the spin singlet state (3,3,2), which 
has filling fraction v = 2/5, cannot be described within the Abelian Chern-Simons 
approach”. In fact, no spin unpolarized states given by filling fraction in (2.11), can 
be described in the approach of LF [52]. In contrast, our 0 is given by 


0 = 


eM 

2tt 2s 


1 1 
1 1 


(3.63) 


corresponding to 9\ = 9 2 , with eigen values 9+ = (e 2 /27r)(l/2s) and 9 _ = 0, which 
keeps the composite fermion picture intact. This well defined matrix naturally leads 
to unpolarized states (see chapter 2). The dynamics is also well defined, allowing us to 
obtain quantization of Hall conductivity (3.61) and many-body wave functions (3.42) 
for these states. Again, as we have stated earlier, we recover Halperin wave function 
for spin unpolarized v — 2/5 state. Note that since all the elements in © in Eq. (3.63) 
are same, the flux seen by all the particles are same irrespective of their spins, unlike 
© LF for which flux seen by particles in the same layer are different from particles in 

different layers. 

In our approach, v — 1/m (m odd) states (which are the Laughlin sequence) are 
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always fully polarized (see Eq. 2.20). This, in fact, is true as it is sem both in the 
experiment and numerical calculations in a single layer. C . ontrarily in t lit* work of 
LF [52], these states can also be obtained for equal population of particles in the two 
layers corresponding to filling fractions U\ = zy> = Ij'lm (where I and 2 refer to two 
different layers). The wave functions for fully polarized v = 1/m states are well known 
Laughlin wave functions which is also derived here (See Eq. (3. 40) for fully polarized 
limit). On the other hand, LF [52] have obtained the wave functions for u = 1/m 
states, in their above construction, as (m.m. m) Halperin wave functions with an extra 
non-analytic piece (which we do not encounter) due to the presence of a gapless mode 
in the spectrum of collective excitations for these states. 

The u = 1/2 state in bilayered systems corresponds to the assignment of filling 
fractions iq = u 2 = 1/4 in two layers which yield the gaps L/' 2 = u? c /4. With their 
choice, LF [52] obtain the wave function for which coincides with the one obtained by 
numerical computation in double layers. On the other hand, the present model yields 
= 0. This is again closer to several experiments which have unambiguously verified 
that uj c — 0 for v — 1/2 in a single layer. 

It is of course not that the two models are entirely different in all aspects. Indeed, 
the double layered systems with dissimilar gaps in two layers are exact analogues 
of the spin systems with dissimilar gaps for spin up and down states because 0 LF 
becomes identical to 0 here, provided one puts Si = s 2 in Eq. (3.62). Note, however, 
that spin unpolarized states (which are seen experimentally can never arise if £’c # vXri. 
Experimentally observed partially polarized or fully polarized states which are given by 
Eq. (2.20) also correspond to <Dj = u;/. It will be interesting to observe experimentally 
whether there is any such states for which ^ uj: in which case there would be a 
one-to-one correspondence between the two models. 

Finally, we remark that LF [52] have also studied spin unpolarized states in a 
single layer by employing a non-abelian CS interaction. In their picture, electrons are 
composite of holons and spinons. Charged spinless holons interact with U(1 ) CS gauge 
field where as neutral spin-1/2 spinons interact with SU(2) CS gauge field. They both 
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obey semionic statistics which indicates a departure from composite fermion model 
(where spin and charge are not separated) to which we completely adhere. 

3.6 Conclusion 

In conclusion, we have, in this chapter, developed a theory for arbitrarily polarized 
quantum Hall states by employing a doublet of CS gauge fields. We have confirmed by 
an explicit one-loop computation that the Hall conductivity does indeed get quantized 
at those filling fractions that follow from the model. We have further derived the 
absolute square of the many body wave functions for these states. We recover the 
fully polarized Laughlin wave functions and the Halperin (3,3,2) wave function for 
unpolarized u = 2/5 state. The wave functions agree with that of Jain et al [66, 48]. 
We have further given a physical picture of the analytic/non-analytic nature of the 
wave functions in terms of attachment of effective number of vortices to each particle. 
Finally, we have shown that quantum fluctuations of CS gauge fields restore the Kohn 
mode. 

In short, the doublet model not only yields correctly the bulk properties like quanti- 
zation of Hall conductivity for arbitrarily polarized QHS, but also captures important 
microscopic features of the many body system: (i) the correct wave function of the 
ground state and (ii) restoration of Kohn’s mode. These features make the doublet 
model quite viable. 

In the next two chapters, we study the applications of the model. In the next 
chapter, we shall show the model provides direct tests for the confirmation of the 
CFM. 



Chapter 4 


Direct test of the composite 
fermion model 

4.1 Introduction 

In the previous two chapters, we have discussed the doublet model and demonstrated 
its viability. In this chapter and in the following one. we shall discuss the application of 
the model. This chapter is devoted for a discussion on the possible direct tests, which 
are provided by the doublet model, for the existence of composite fermions. 

It was first emphasized by Halperin, Lee, and Read (HLR) [20] that the single 
particle excitation gap of CF, corresponding to the state with filling fraction u —■ 
p/(2sp+ 1), is the effective cyclotron energy Q e which is determined by the effective 
magnetic field B. More significantly, the CFM makes the remarkable prediction that 
at v = l/2s, the effective field Bi/ 2 S = 0. HLR have thus argued that at v — 1/2. the 
CF form a Fermi sea. Subsequently, Rezavi and Read [68] have found numerically in a 
spherical geometry [57] that CF at half filled Landau level form a Fermi liquid. A set 
of recent experiments [21-33] provide good experimental support for the existence of 
CF in FQHE systems. We review the main features of the experiments below. 

(i) Du et al [21] find that the excitation gap, which is obtained from the activation 
in diagonal resistivity p xr , is proportional to B, in agreement with the prediction of 
the CFM, for the states which are away from half filling. They further find that the 
effective mass m* is independent of B. Recall that on the other hand, HLR have 
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argued that rn* diverges logarithmically for Coulomb interaction and that it has a 
power law divergence for other short range interactions as u -4- 1/2, where CF form a 
Fermi liquid, (ii) Three experiments [22-24] have treated the oscillations in diagonal 
resistivity p xx around u = 1/2 as Shubnikov-de Haas oscillations (SDHO) of CF, in 
analogy with SDHO of free electrons near B — 0. The effective mass of CF m* is then 
determined from SDHO. Though all these experiments are in favour of CF, they are 
mutually conflicting: while Leadley et al [22] have reported a finite mass m* at B = 0, 
and that to* increases linearly with |J5|, Du et al [23] and Manoharan et al [24] have 
observed ‘drastic enhancement’ of CF mass as v -4 1/2, indicating a novel Frmi liquid 
at v = 1/2. Although both Du et al [23] and Manoharan et al [24] have observed 
diverging m* as v — » 1/2, the former have obtained much faster divergence compared 
to the latter, (iii) The ‘anomaly’ in surface accoustic wave (SAW) propagation at 
v = 1/2 was studied theoretically by HLR at half field landau level, who find good 
qualitative agreement with the SAW experiments [25, 26]. In the SAW experiments, 
Willett et al [25. 26] determine the finite wave vector dependent conductivity cr xx (q ) to 
be proportional to q. This behaviour is deduced from the attenuation of the amplitude 
and deviation of the velocity of SAW (at even denominator v). This behaviour is 
found to persist up to high temperature, even after FQHE has generally disappeared, 
(iv) There is yet another interesting aspect of the SAW experiments. As we know, 
electrons in a metal geometrically resonate with a sound wave when a magnetic field is 
applied perpendicular to the sound wave propagation. Willett et al [27] have observed 
a similar resonance of SAW at v = 1/2 with cyclotron orbits of CF, with a cyclotron 
radius R c = Kp/eB , where the Fermi wave vector Kp = y/Airp. Kang et al [28] also 
have reported the existence of cyclotron motion of CF with radius R c at u = 1/2 
by their transport measurement in an antidot supperlattice. (v) Goldman et al [29] 
have performed a transverse magnetic focussing experiment and observed quasiperiodic 
resistance peaks near v = 1/2. Moreover, they have observed that the quasiperiodic 
structure occurs on one side of v = 1/2, describing the negatively charged CF. They 
have also found that* the charge carriers experience an effective magnetic field B, in 
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agreement with the CF picture. 

(vi) Apart from the above transport measurements, there are plenty uf data avail- 
able in thermal measurements. Ying et al [30] have reported that rhermop. aver mea- 
surements at v- 1/2 and 3/2 are consistent with the presence of a <T Fermi surface. 
Based on their data on thermopower. Bavot et al [31] have concluded that (T ex- 


hibits IQHE. (vii) There also exists a time-resolved magneto-luminescence experiment 
to study the hierarchy of FQHE states. Kukushkin et al [32] have observed a striking 
symmetry in the dependence of chemical potential discontinuity mi the Silling factor 
for different families (different s) of Jain sequence. They find a linear dependence of 
chemical potential discontinuity on magnetic fields starting at v = 1/2. 1/4. 1/6. t'viii) 
Finally, Kukushkin et al [33] have studied the influence of disorder on the properties of 
2DEG in the vicinity of v = 1/2. They have observed that p zx at u = 1/2 is very sen- 
sitive to the disorder level in 2DEG. This observation is in agreement with the theory 
of half filled Landau level in CF picture. It is noteworthy that the results are obtained 
for fully polarized samples. 

All the above experiments which are strongly in favour of the existence of CF are 
still rather incomplete in the sense that none of them determines either of the composite 
fermion parameters, viz., the effective number of LL ( p ) or the number of flux quanta 
(2s) attached to each electron directly. In that sense the evidence for the CF is yet 
indirect. Apart from the activation [21] and magneto-luminescence [32] ••xperiimmls. 
the measurements which are in the vicinity of u = 1/2 s essentially verify that B sss 0. 
The gap determination which is done by the activation experiments does not determine 
P unambiguously as the parametrization of activation of p xx is not unique. There is the 
additional complication that m* also changes with B. It would therefore be desirable to 
have experiments which can circumvent these complications, and also be not necessarily 
restricted to the vicinity of v = 1/2 s. Indeed, we propose such experiments and 
show how \p\ can be determined unambiguously. (The other parameter 2s can then 
be found out from the knowledge of filling fraction v = |p|/(2sjpj ± 1).) We do so 
by employing FQHE states which are either partially polarized or more preferably 
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unpolarized. Indeed, they are central to our analysis because the wave functions for 
fully polarized QHS depend solely on u, while on the other hand, as we have shown in 
the previous chapter, the wave functions for unpolarized (3.42) or partially polarized 
(3.49) QHS depend on any two parameters among p, s , and v. 

The main result is that neutron scattering and Raman scattering experiments in 
partially polarized or unpolarized QHS can unambiguously determine \p\ and Q c respec- 
tively. To that end, we need to evaluate the charge density and spin density correlation 
functions. Recall that in the previous chapter, we calculated the density-density cor- 
relation functions among different spin species by considering Gaussian fluctuation of 
the gauge fields, i.e., in the random phase approximation (RPA). In this chapter, we 
improve upon RPA by the time dependent Hartree-Fock approximation (TDHFA) by 
taking into account the Coulomb interaction between CF. It is worthwhile to note that 
this improved RPA will not alter the final results obtained in the previous chapter 
since any correction due to Coulomb interaction corresponds to higher order in q 2 . For 
example, the wave functions remain same as we have determined them in the thermo- 
dynamic limit. The correlation functions can be evaluated from the effective action (in 
terms of external probes) for the system. 

4.2 The effective action 

In the previous chapter, we have determined the effective action (3.29) for the external 
probes in the arbitrarily polarized QHS. We rewrite the same as 

sw K, 4 ] = 5 / (0-y;(9)iCK qK'(-s) . ( 4 -« 

where the indices r,r' =t,4~ A'^ measures linear response of the system to weak 
external probes. Recall that A^, A™ , K®® and represent the density-density cor- 
relations among spin up-up, up-down, down-up and down-down species of the particles 
respectively. We derived these correlations in the lowest order in q 2 [see Eqs. (3.30)- 
(3.33)]. If we do not make this approximation, the response function has the general 
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It may be observed that the form factors IT,- here are not merely in the lowest order in 
q 2 (as in Eqs. 3.26-3.28). We shall determine them in the next section. 


4.3 Evaluation of form factors 

Kallin and Halperin [69] have determined charge density and spin density response 
functions using a diagrammatic approach, which is equivalent to the time depen- 
dent Hartree Fock approximation (TDHFA) employed by MacDonald [TO] for studying 
IQHE. Girvin, MacDonald, and Platzmann [71] have studied collective excitations of 
FQHE in the single mode approximation in which the correlation effects in a partially 
filled are taken into account. Here we shall employ TDHFA, and adopt the method 
of Kallin and Halperin [69] to evaluate form factors for effective filled Landau levels. 
In this approximation, only diagrams with one exciton present at a time are consid- 
ered. In other words, the Coulomb energy e 2 /el 0 is taken to be smaller than cZT CJ where 
Z 0 = (e£)~ 1/2 is the effective magnetic length of the system and e is the background 
dielectric constant. This assumption is, therefore, not valid at or near v = 1/2 s. We 
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consider the states which are far away from even denominator filling factors. In other 
words, the condition on the validity of our assumption is e 3 ^ 2 m*/e <C VB. 

Using TDHFA, we obtain (see Appendix B) the component fl°^ of the polarization 
tensor (3.25) as 


x 


E E 


IK.^fq)! 5 


[n-2<Pt,i ^ €n2 “™ €ni ~ En in 2 + Kiin27i27ii (<l) (q) + 


^i<Pt,i ^ d" ^2" ~ — Eriino Vnin2n27ii (q) + (q.) 


(4.7) 


where rq, n 2 represent the effective Landau level indices. Here e r n — (n + 1/2 )uJ c — 
(1/2 )gi.i B Ba is the energy on n th LL with spin index r. a = (±1) for up(down) 
states. ££ = represents the exchange energy, he., the difference in self 

energy between two LL having same spin index r. T, r n is independent of momentum 
q. The interaction between an excited electron and hole (he., the ladder diagrams) is 
represented by V' n ( ^, n2ni (q). The contribution of the bubble diagrams is represented 
bv Vl (2 2 „ „ (q) in which an electron hole pair recombines, exciting simultaneously 
another electron hole pair. The expressions for E£, VS> 2n2m (q), and V$l 2niBa (q) read 
(see Appendix B) 



for m > n 2 . On the other hand for n 2 > n u the right hand sides of the expressions in 
Eqs. (4.9 and 4.10) are expressed by interchanging n x and n 2 . Therefore, 

1/(1) onr I i/( 2) = y (2) . The factor 7 = 2 when Landau level n x for both 

^ 711712712^11 ^ 712^1112711 711712711712 
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up and down spins are occupied and y = 1 otherwise 

in (4.7) is given by 
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where q 2 = q 2 $/2 and the associated Laguerre polynomial L™\s) is give 
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(4.15) 
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In obtaining (4. 13)— (4. 15) , we have included all the contributions up to order e 2 /e/o, 
and so the form factors are essentially exact in the strong effective field limit. In the 
absence of Coulomb interaction, ££ ina , K ( S 2 „ 2ril (q), and i® anifta (q) are zero and 
then the form factors reduce to their pure RPA form. Note that in the small q limit, 
introduction of TDHFA is not very important. Indeed Kallin and Halperin [69] have 
already observed that the charge density collective excitations for IQHE states in the 
small q regime to be similar both in the pure RPA and in TDHFA. The effect of 
TDHFA, as we shall show below, will however be seen clearly in the spin density 
excitations. 


4.4 Results and experimental consequences 

4.4.1 Correlations 


The charge density correlation can now be obtained as 

K m (u q»l- + 

A (AA q ) — 2 _,A rr /(a;, q j q q 2 ) 

On the other hand the spin density correlation is given by 

£(u , q 2 ) = E [On- - iC(l - M 

r,r' 

For unpolarized states, II J = II j = n 0 . Thus S gets the simpler form, 

£unp(w , q 2 ) = 2Uo{u , q 2 )q 2 . 


(4.16) 


(4.17) 


(4.18) 


Note at the outset that the charge density excitations (CDE) will be very different 
from spin density excitations (SDE) (8S Z = 0 excitations) especially for unpolarized 
states. This is so, because CDE are determined by the poles of K 00 (co , q 2 ), while SDE 
are determined by the poles of ITo- The collective CDE and SDE will be discussed 
below. We note that the leading order term in q 2 of K 00 saturates the f-sum rule. 

The above results are valid in the thermodynamic limit. For as LF [72] have ar- 
gued in a similar case, we note that we have evaluated the effective action by neglecting 
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higher order response functions, viz. the correlations oi three or mur>* currents or densi- 
ties. These higher order correlations are of higher order in q~ compared tot In* quadratic 
term in Eqs. (4.2-4.S and 4.16-4.18). They would not he n<v!:.-:M** for a tinite system 
since the minimum allowed value of the momentum is then determined by the linear 
size of the system L, i.e., |qj > l/L. On the other hand, in the thermodynamic limit. 
L -¥ oo and the minimum allowed value of jqj goes to zero. Therefore one is allowed to 
keep only the quadratic term in effective action and neglect, the higher order corrections 
for an infinite system. 

In the limit of low q 2 , CDC and SDC are respectively given by 

1 


tf°V, q 2 ) = 
(Pt - Pi? 


' 2 \ 
m* , 


r .j2 


— q' + C?(q 4 j 


Y(., a 2\ _ [Uj\ Wt-Vl) 1 , 4 P'Pl j 3 

\ m * ) [(Pt + Pl?u 2 - W 2 ' (Pt +P ;) 2 ^ 2 ~ £~J 1 

We see from Eq. (4.19) that CDC preserves the Kolm mode [55] of rvrir alien. On the 
other hand, SDC in Eq. (4.20) shows a new mode of excitation at Z\- apart from tin* 
actual cyclotron energy u c . Interestingly, in the case of unpolnrized QHS for which 
Pt = Ph onl V mode at U c survives at q=0. This, in fact, gives the measure of 
energy scale for CF. Equations (4.19) and (4.20) are the same as the pure B PA result 
since we are in the regime of very low q. 


1 4.1 9 J 


20) 


4.4.2 The spin transitions 


At u = 0, SDC (4.20) can be written as 


£(0,q 2 ) = q 2 


e 2 m*\ 

4ir 2 p J 


' (Pt-Pl? L 2 

.{Pt+Pl? 


+ 4 PtPl 


(4.21) 


We see that E(0, q 2 ) given by the above expression plays an important role in the spin 
transitions. Experimentally, Eisenstein et al [37] and Engel et al [38] have observed spin 
transitions in QHS with filling fractions v = 2/3 and 3/5. By the increase of Zeeman 
ener gy, QHS at u = 2/3 (p t = pj. = -1, s = 1) and u = 3/5 (p t = -2, p i = -1, s = 1) 
undergo a spin transition from their respective phase of no polarization and partial 



47 


polarization to fully polarized phase (p; = 0) keeping p t + p; fixed. It is clear that the 
effective number of LL filled by up (or down) spins (p{) acts as an order parameter 
in the spin transitions. The value of E, accordingly, changes discontinuously in the 
spin transitions. Indeed, the ratio of the values of E between the unpolarized and 
fully polarized phases is given by E unp /E p = 4 p 2 /T 2 . Therefore, the ratio of E(0, q 2 ) 
in unpolarized and fully polarized phase would determine pf(= pj in the unpolarized 
phase unambiguously. Significantly, the ratio does not depend on other parameters 
such as m* which has a complicated dependence on the value of the magnetic field 
[22-24]. Similarly, the ratio of E(0, q 2 ) in partially polarized and fully polarized phases 
would also determine p-j- and p,j. in partially polarized phase unambiguously. The order 
parameter shows a discontinuity in the spin transitions. 


4.4.3 Neutron scattering 


We shall now show that neutron scattering can determine p unambiguously. In the 
standard neutron scattering experiments [73], (in this case, the scattering is in the 
plane of the sample), the differential scattering cross section is given by 

% cx h k(«) + , (4.22) 

where k, and k f are the momentum of the incident and scattered neutrons, q = k z -kj- 
is the momentum transfer. In Eq. (4.22), S c (q) and Sz(q) are static charge and spin 
structure factors which are frequency integrated imaginary parts of the corresponding 
correlation functions. In Eq. (4.22), cr s /<r c is the ratio of the spin and charge dependent 
total cross sections. 

In our case, the static structure factors are evaluated from Eqs. (4.19 and 4.20), as 


S c (q) 

Sn{q) 



v , 

’ 4 PtPl + (Pt~Pi) 2 r ~ 
.Pt+Pi (Pt + Pi) 2 . 


(4.23) 

(4.24) 


Note that unlike the parent expressions in Eqs. (4.19 and 4.20), the above expressions 
are free from any dependence on p, and m* which by now is known to possess a depen- 
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dence on the magnetic field [22-24]. Note that S c {q) is proportional t.» ?■ invsp.vrive 
of the spin phase. The form of Ss{q) depends on the spin phase, however. In the fully 
polarized phase, S c (q) = 5 s (g). In the unpolarized phase. Syjq) \ p- while, in general, 
for a partially polarized phase, it depends on both p- and i>.. 

What is then required is a determination of Sv;(q) in ;mj»> •mri.-*-.! or partially polar- 
ized phases which may be accomplished by two different, ways: (i) By the measurement 
of neutron scattering cross section in fully polarized phase, one will be able to extract 


S c (q) since the cross section is proportional to S c (q). This remains same in all phases. 
The same experiment then in the unpolarized or partially polarized phase, whichever is 
the relevant one. has to be performed to determine Sz(q) in the corresponding phase, 
with the previous knowledge of S c (q). Since structure factors are independent of the 
particle density p, their determination is unambiguous, no matter how the different 
spin phases are obtained — be it by changing the particle density or by a tilting aught 
experiment, (ii) The second method corresponds to the experiments entirely in unpo- 
larized or partially polarized phase, whichever is the relevant one. However, here one 
needs two probes — X-ray and neutron. X-ray scattering experiment will determine 
S c (q) and then neutron scattering experiment can be used to determine .Vvp/}. with 
the knowledge of S c (q). 

Thus in both the unpolarized and partially polarized phases, S%(q) determines the 
composite fermion parameter p t which is identified as an order parameter in the spin 
transition, and can be measured experimentally by neutron scattering experiments. 
Therefore, neutron scattering experiment provides a direct unambiguous test of CF. 


The accuracy of Eqs. (4.23 and 4.24) lie on the region of small angle scattering as it is 
valid only for low q 2 . 


4.4.4 Collective excitations 

It is also intersting to study the collective modes of CDE and SDE and determine their 
respective spectral weights, which can be probed by Raman scattering experiments. In 
this context, we note that in inelastic light scattering experiments, the magnetoplasmon 
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modes of IQHE, and FQHE state at v = 1/3, have been observed [74, 75]. While Raman 
scattering experiments do not determine p as directly neutron scattering experiments, 
they will measure the CF energy scale parameter UJ C as we shall show below, and they 
remain on par with the current experiments in testing the CFM. 

A determination of the collective modes requires both polarized and depolarized 
Raman scattering. It is further necessary (as we shall see below) that the momentum 
transfer q have a non-zero component in the plane of the system. We look for the 
collective excitations in the small q regime for both unpolarized and fully polarized 
phases of the QHS. We shall study the u = 2/3 state in detail, as the state is observed 
in both the phases [37, 38]. However, the determination of collective excitations for 
other states is equally straight forward and follows the same procedure. We shall make 
general qualitative observations on the other states wherever possible. 

We first consider CDE for fully polarized phase of i v = 2/3 (p-f = —2, p± = 0, s = 1) 
state. The collective modes are determined by the poles of /F 00 (u;, q).- There are two 
perturbing parameters — q and A = e 2 /el 0 uJ c since in TDHFA, the coulomb energy is 
smaller than U c . We thus expand both numerator and denominator of AT 00 in powers 
of q and up to order A. We then look for solutions of the form 

ul = (ku c ) 2 + A A + ft(q 2 ) 71 + A/? 3 (q 2 ) 72 , (4.25) 

where 3 X and q* are constants to be determined for the corresponding modes which are 
characterized by k (an integer). The value of k runs from 1 to 3. For the state u = 2/3, 
k = 3 gives the mode corresponding to the actual cyclotron energy w c . 

We find that there is no mode whose zero momentum gap is at uJ c . The mode at 
k = 2 is found to have a dispersion relation which is given by 

4 = (2 V'Y + (4-26) 

with the corresponding residue in A' 00 being 

Res(A-°°)U = -eV^q’q 2 • 


(4.27) 
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Finally, the mode corresponding to k = 3 is given by 

w 2 =UJ c - 2\/2e 2 ~«q + 15v'2Ar“q < 4.2S| 

with the residue, 

Res (A' 00 ) U = — • i 4.29 ) 

III 

The last mode has a higher spectral weight compared to that of the mode .cj. It may 
be noted that the second term of right hand side of Eq. (4.28) is the contribution from 
V(q) in the expression of V(u, q) in (4.6), and comes from pure RPA. The Iasi term 
is due to TDHFA and dominates over the RPA contribution. At q = 0. there* is only 
one mode at u = lu c (see Eq. 4.19) in accordance with the Kohn's theorem. 

We now consider the unpolarized phase of v — 2/3 (p+ = = -1. >• = 11 state. 

The CDE mode at iJ c is again absent. The mode for k = 2 is given by 


wf = (2 W e ) 2 


16 


J h 2 


(4.30) 


with the residue in AT 00 , 


Res(A: 00 )U = -e^ c ^q 2 q 2 . (4.31) 

The other mode for which the zero momentum gap is at u> c follows the dispersion 
relation 

cu 2 = cj 2 - 2v / 2e 2 \ 37 c q + 30\/2Au7 2 q (4.32) 

with the corresponding spectral weight (proportional to q 2 ), given by 

Res(Jif 00 )U = -eV^q 2 . (4.33) 

So far we have discussed CDE and we now study the SDE. In the fully polarized 
phase, SDE are same as CDE. However, SDE in the unpolarized phase of v = 2/3 state 
are very different. Indeed they are determined by the poles of n 0 (w, q) (see Eq. (4.18)). 
The spin density excitation modes are obtained as 


= nor, + £j 0 - v;W„(q) + 2K ( £o(q) . 


(4.34) 
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Interestingly, the mode near lJ c survives in the unpolarized phase which is otherwise 
absent in the fully polarized phase. The dispersion relations of the first three modes 
(he., n = 1, 2, and 3) of SDE are shown in Figs. (4.1. 4.2, and 4.3) respectively in the 
low q regime. For very low q, they have the form 
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with the respective residues in E unp given by 
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(4.40) 


It may be seen from (4.35-4.37) that the electron correlation effects do not change 
the zero momentum gap energy for the lowest energy excitation but do affect the 
excitation gap for other higher excitations. It is significant that all these modes acquire 
their dispersive character entirely from TDHFA contribution. At the pure RPA level, 
the dispersive character would not be revealed. The spectral weight for the modes 
are proportional to q 2n . 

A few general observations: We find that, irrespective of the spin phases of quantum 
Hall states, the CDE have several universal characteristics: (i) The mode at u c does 
not exist, (ii) The mode corresponding to the highest spectral weight (proportional to 
q 2 ) is the plasmon mode at to c . We also find that SDE in the fully polarized phase 
is the same as CDE. We further find that for all unpolarized QHS, the SDE have a 
mode whose gap energy is u c and with spectral weight proportional to q 2 . The spectral 
weights for all the other higher modes u n (n ^ 1) are down by a factor q 2(n_1) - The gap 
energies for these higher modes change very much the same as v = 2/3 state due to the 
electron correlation effects. In the partially polarized quantum Hall states, the SDE 
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Figure 4.3: The spin density excitation mode a> 3 — to c in the units of e 2 /el 0 for unpolarized 

1 / — 2/3 state. 

mode at u 7 C acquires two branches, he., there exists two modes with the spectral weights 
proportional to q 2 which coincide at q 2 = 0. The mode at uj c for partially polarized 
phase has a spectral weight proportional to q 2 which is unlike the unpolarized case. 
Thus the SDE behave very differently from CDE, in both unpolarized and partially 
polarized phases. This difference has been seen by Kallin and Halperin [69] in IQHE 
as well. 

4.4.5 Raman scattering 

Bv polarized and depolarized Raman scattering experiments, the modes of CDE and 
SDE (discussed in the previous subsection) can respectively be found out. The Raman 
intensity I(u) is proportional to the imaginary part of the corresponding correlation 
functions which are known as spectral functions [76]. We are interested in that geome- 
try of Raman scattering where the contributions of CDE and SDE in the cross sections 
get separated out. It corresponds to e* || e s for CDE and &i _L e s for SDE, where e* and 
e s are the direction of the polarization of the incident and scattered beam respectively. 
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The respective separated cross sections are given by :7b 


d 2 cr c 

dQ.duj 

d-Vv 

dQdu: 


a (e, • e,)‘5 c (-’. «/) : 
a (e, x e s )-S s p. g) . 


M.41) 

(4.42) 


Here £ c (w, q) and 5s (w, g) are the spectral functions for CDE and SDH respectively. 
The geometry in which only CDE are determined is known as polarised Raman scat- 
tering geometry, while SDE are determined in depolarized Raman scattering geometry. 

In the limit q 2 l% <C I, most of the weight of CDC is in the plasmon mode i.e., 
at lu c (4.28 and 4.32) for both fully polarized and unpolarized phases. Tin* pole in 
CDC for excitation energy ou 2 for v = 2/3 state may be read off from Eqs. { 4.26} or 
(4.30). The intensities corresponding to the mode um will be suppre.-s.-d by a factor 
of q 2 relative to the plasmon mode. Polarized Raman scattering will determine these 
modes of excitations. 

Consider now depolarized Raman scattering experiment. In the fully polarized 
phase, it creates spectra very similar to the one in the polarized Raman scattering 
experiment because CDE and SDE are same in this phase. On the other hand, in the 
unpolarized phase, the highest intensity will be observed for the mode whose energy 
gap is U c , and would signal the existence of composite fermions. We note that the 
intensity corresponding to the next higher mode at 2u c is suppressed bv a factor of 
q 2 . The intensity for other modes are further down by successive factors of q 2 . here as 
well. 

Although we have discussed depolarized Raman spectra only for v = 2/3 state 
in unpolarized phase, it is easy to check that the characteristics of the spectra will 
be similar for all other unpolarized QHS. The depolarized Raman spectra continue to 
have the highest intensity corresponding to the mode at ul c . For partially polarized 
states, such as v = 3/5, there will be three highest intensity peaks (in the same order 
of q~) corresponding to one mode at u> c and two modes at uJ c . Since u7 c is thus directly 
measured in depolarized Raman scattering both for unpolarized or partially polarized 
QHS it follows that p-f + Pi, the effective number of filled LL, will also be known 
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provided m* is given. 

4.5 Conclusion 

In summary, we state the most important results. The effective number of filled Landau 
levels by composite fermions of up (or down) spin is identified as an order parameter in 
the spin transitions from unpolarized or partially polarized phases to the fully polarized 
phase of the quantum Hall states. The static spin density correlation undergoes a 
discontinuous change in its value in the spin transitions. The static charge and spin 
structure factors are independent of carrier density and effective mass of the particles. 
While the static charge structure factor is a function of the filling factor, the static 
spin structure factor, in general, is a function of effective Landau levels filled by both 
up and down spins and the filling factor as well. The mode corresponding to the 
highest spectral weights in the charge density excitations is the plasmon mode at 
o-y, irrespective of the spin phases. The spin density excitations for fully polarized 
quantum Hall states are same as the charge density excitations, but they differ from 
each other in the unpolarized or partially polarized phases. The mode at uJ c corresponds 
to the highest spectral weight in the spin density excitations of unpolarized quantum 
Hall states. In the partially polarized phase, there are three modes of almost equal 
(in the same order of q 2 ) spectral weights — one at u c and two at u c . Neutron 
scattering scattering experiments would unambiguously determine one of the composite 
fermion parameters, viz , the effective number of filled Landau levels by the composite 
fermions. The other parameter (number of flux quanta attached to each particle) 
may be determined from the knowledge of the former. Depolarized Raman scattering 
experiments can directly determine uJ c , the energy scale for the composite fermions. 
The composite fermion parameters also will be determined by the latter experiment if 
the effective mass of the composite fermions is given. 

Finally, LF [52] have studied recently the bilayered QHS employing a similar model 
as ours. However, the two models leads to certain different physical consequences. 
(For detailed comparison between the two models, see section 3.5). It might be of 
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interest to examine whether there is some experiment :i! pron-il 
the composite fermion parameters in bilayered systems as well. 



Chapter 5 


Spin-wave and spin-flip excitations 
in arbitrarily polarized quantum 
Hall states 

5.1 Introduction 

As the second application of the doublet model, we shall study the spin-wave and spin- 
flip excitations in arbitrarily polarized QHS in this chapter. In other words, we shall 
study the spin density excitations (SDE) ( 5S Z = ±1) in the ground state of arbitrarily 
polarized QHS. 

Stein et al [ 46 ] were the first to observe experimentally electron spin resonance 
corresponding to spin wave excitations in odd integer QHS. This type of excitations 
is possible only for odd integer QHS, for in that case when g is small, for a given LL 
one spin state is fully occupied while the other remains completely empty in the same 
LL for small g values. Theoretically, Kallin and Halperin [69] have studied spin-wave 
and spin-flip excitations in IQHE in a diagrammatic approach which is equivalent 
to TDHFA for the Coulomb interactions. Longo and Kallin [77] have extended the 
analysis of spin-flip excitations to partial filling factors. They argue that the change 
in energy of excitations due to the Coulomb interactions is simply the filling factor 
times the value for fully filled lowest LL. This is, in fact, not so, as we shall show 
below. Longo and Kallin [77] have further studied the spin-flip excitations in the single 
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mode approximation (SMA) which includes tin* correlation effects in the partially tilled 
LL. They find entirely different results for the TDHFA and SMA: the gap calculated 
from SMA is much less than that from TDHFA and the dispersion relation behaves 
differently. Nakajima and Aoki [78] have numerically found spin-wave excitations in 
Laughlin states using CF picture. They have used a reduced Haldane Pseudo potential 
[57] for CF to carry out the calculation. In this chapter, we shall develop a generalized 
procedure for obtaining spin-wave and spin-flip excitations both fur integer QHS. and 
fractional QHS in the lowest LL. We treat Coulomb interaction between CF in TDHFA. 
within the doublet model. 


5.2 The formalism 


To study the spin-wave and spin-flip excitations, we introduce additional spin sources 
h±, which can flip the spin, to the system. Therefore the new Lagrangian reads [see 

Eq. (3.1)] 

£ = 

+1 / d 3 x'A™(x)V-\x - i')4V) + eiiVUo + . (5.1) 

Here ip = (ip -^ , ip±) is the doublet of fermionic field. The potential for interactions be- 
tween CF is considered to be Coulombic, i.e.. V(r) = e 2 /er, where e is the background 
dielectric constant of the system. cr± = ^(a x ± ia y ) are the spin raising and lowering 
operators respectively. 


5.2.1 Mean field results (a brief resume) 


As discussed in chapter 2, for the QHS at hand, mean magnetic field for all the particles, 
irrespective of their spin, is given by B = B + (b + ). Let p^(pi) be the number of LL, 
which are formed by effective field B, filled by spin up (down) particles. This leads to 
the actual filling fraction and spin density [see Eqs. (2.11), (2.19)— (2.21)] to be 


Pt+JPl 

2s(pt+P|) + l 


Ap = p 


Pt-P| 


V = 


Pr + Pi 


(5.2) 
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>»ot:o that p* and p; can be negative integers as well in which case B is antiparallel to 
B. I he effective cyclotron frequency co c is related to the actual cyclotron frequency 
x',- = by o,y = a.' c [2s(p* + Pi) + 1]. For unpolarized QHS, Pf = Pi = p (say) and 
therefore the states with filling fraction v = 2p/(4sp + 1) are spin unpolarized in the 
limit of small Zeeman energy. In this limit, Pt = Pi + 1 for partially polarized states 
with A p/p = l/(pf + pi). Fully polarized Laughlin states are obtained for = 1, 
Pi. = 0. The IQHE states correspond to the choice s = 0 (he., d + = oo), in which case 
mean CS magnetic field is zero. 


5.2.2 Effective action 


Employing the above MF ansatz, we then evaluate one-loop effective action for the 
gauge fields and probes to be 


><>IF 


J d z x J (fix' [(aj + + .4o n J ; , 0 )(x) Il^(x,x') (a+ + a„ + 

+ ( % ~ % + ^ 0 )(x) nf_ il/ (x. x') (a* + a~ + ■‘4o n d i/ o)(x') 

-^{"(xJV -1 ^ - x')4V) + 2A a (x)r^(x,x') (< + a; + 

+2/i“(x)rj M (x,x')(aJ - a~ + A^S^q)^') + h a (x)x ab {x,x')h b {x ')_ 

+i J d 3 x {e + ^ x a+ 6 ,at + 6 ^ x a~d v al} . ( 5 . 3 ) 


Here a~ and Aq 11 are fluctuating part of the corresponding gauge fields. Note that the 
field a, “ does not exist for unpolarized states and hence Eq. (5.3) reduces accordingly. 
The indices a, b in (5.3) represent ± indices of spin raising and lowering operators. 
The correlation functions U^(x,x') : x ab {x,x'), and T^(x,x') have to be evaluated at 
the prescribed MF state. Their explicit forms are as follows: 

n r (*>*') = -‘ 0 fi«4-(|g). (5-4) 

X ab (x,x') = -i(f{x)j b {x l )) c , (5.5) 

r^(x,x') = —i (j a {x)jr{ x ')) c ■ ( 5 - 6 ) 

Here {* * *) represents the expectation value in the ground state of the system. (* • *)c 
corresponds to the connected diagrams which contribute to the expectation value. 
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represents the sum of all the gauge fields. The' current operate! in 

by 


5.1 a.!!! arc given 


Jr°(*) 

fri X ) 

fi x ) 


etp*^r 

e 


2m 
efa a ip • 


[i>* r D% r ~ (D km ?;) tv] + 


(5.8) 

( 5 . 9 ) 


It is easy to see that 

T^ix,x') = 0 , ( 5 . 10 ) 

since (a a ) = 0. Therefore, the terms in (5.3) corresponding to the probe /»« completely 
decouple from the fluctuation of the gauge fields. In other words, gauge field fluctu- 
ations do not change the correlation x ab ( x , x ')- Further, ,\ + ' r ( J 5 x') = \ [x. s') = 0 

since (o%) = (a 2 _) = 0. We, thus, obtain 

S e ff[/i + , h~] = ~^Jd 3 x I d 3 x' \h + {x)x + ~( x -. x ')h~(x r ) + h~{x)x~+{£. x,')h*{x') . 

' ’ ( 5 . 11 ) 

X + ~{x : x') = 5 2 S e g/5h + (x)5h~(x') is the spin correlation function when* a particle of 
up spin is destroyed at the point x' and a particle of spin down is created at the point x. 
In other words, this is the correlation function for producing a spin up quasihole at the 
point x' and a spin down quasiparticle at the point x. Similarly, x -+ (x,x / ) represents 
the spin correlation function for producing a spin down quasihole at the point x’ and 
a spin up quasiparticle at the point x. These correlation functions are the response 
functions for SDE ( 6S Z — ±1) which we shall evaluate below. 


5.3 Response functions 

In terms of the single particle Green function 

G(x,x') = -i(Txp(x)tp\x')) , (5.12) 

the linear response functions can be written as 

X + ~(z, x> ) = ie 2r IV [cr+G(x, x')a-G(x', x)j , (5.13) 

X~ + i x ,x') = ie 2 Tr[a-G{x,x’)a + G(x',x)}. (5.14) 
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L°f G hl ' t h(1 sin « I,? Particle Green's function evaluated by switching off the Coulomb 
interaction. Then \ r " and \'~ + that emerge are in pure RPA. We shall go beyond 
RPA and determine \ + " and in the TDHFA. 

We now determine the response functions (in momentum space) in the TDHFA 
as a generalization to the RPA. Recall that in TDHFA, the Green’s functions are 
Huitiee tock Green s functions (see appendix B) and incorporate self energy due to 
the Coulomb interactions. In this approximation, as we have discused in the previous 
chapter, only diagrams with one exciton present at a time are considered. In other 
words, the Coulomb energy e 2 /el 0 is taken to be smaller than u c , where l 0 = (eB )~ l/2 is 
the effective magnetic length of the system and e is the background dielectric constant. 
This assumption is, therefore, not valid at or near v = 1/2 s. In other words, the 
condition on the validity of our assumption is e z/ 2 m* je < \pB. 

The TDHFA response functions are determined in appendix B. They are 


X + “(w,q) 


where n\, 712 represent the indices of the LL formed by effective magnetic field B. 
Here e r n = (n + 1/2 )Q C - {IfT^gji^Bo is the energy of n th LL with spin index r. 


4tt 


qV^ 2 

ns <Pt n i >pi J L) — (6nx ^ 2 ) ~ En[n2 + Vnin2ri2ni (?) + 


1UI 




n 2 l 


(q 2 )”.-" 5 -! {^ r " a ( q 2 )} : 


ni<Pl , 0 ^. J U + (fini — €r. 2 ) + En\ n-> — (?) — ir] 


(5.15) 


(LoV-q’A 


47T 


q“e 


ml 


(qijm-n,-! {L;p2(q2)} : 


'r—\ T““'v 

m <pi m>p, C 1 ’! w — (en. — el.) — Enim + ViiAam (?) + i*! 

V ) ( q 2 )" 1 - 2 - 1 { r ; r ’* a ( q 2 )} 2 


- E E 

n 2<Pt «1>PJ. 


.,%•/ U) + (Cnj — € 712 ) P Enlm ~ Vnin2n2ni (?) ~ M7 


f c: i ct\ 


62 


a = +l(-l) for up (down) states. = Ei), - Z r n3 represents the exchange energy. 

z.e., the difference in self energy of particles in two different LI. with unequal spin 
indices. is independent of momentum q. and is given by Eq. 4.S. The internet ion 
between an excited particle and hole (i.e.. the ladder diagrams; is represented by the 
matrix element (q) which is expressed in Eq. 4.9. We note that, the bubble 

diagrams in which a particle-hole pair recombines to form another particle-hole pair 
do not contribute to the response functions considered here. This is because particle 
and hole possess different spin. 

In obtaining Eqs. (5.15) and (5.16), we have included all the contributions up to 
order e 2 /e/ 0 and so the form factors are essentially exact in the strong effective magnetic 
field limit. In the absence of Coulomb interaction, and l' n . ! (</) arc zero and 
hence the response functions acquire their pure RPA form. We shall see below that the 
coulomb interaction between composite fermions plays a decisive role in the excitations 
considered in this chapter. 


5.4 The excitations 

As we have seen above, the response functions y + ~ and remain unchanged by the 
fluctuation of the gauge fields. They depend only on the mean effective magnetic field. 
Therefore, the corresponding SDE depend solely on effective magnetic length l 0 which 
is related to actual magnetic length of the system l = (eB)~ 1 / 2 via l 0 = (\Pt+Pi\/^) 1/2 l- 
The excitations for the fractional states with v = Ipf+pj.]/ (26’|pf+pjJ±l) are equivalent 
to that of integer states with v = \p t + p i \, since the states have same l Q . 

The dispersion relation for the excitation of a spin down particle and a spin up hole 
is obtained from Eq. (5.15) as 

cu = (n x - n 2 )u c + gp B B + - V$* mi (q) , (5.17) 

with n 2 < Pf and n x > p±. In these SDE, the z component of the spin changes as 
SS Z - - 1 . Similarly the SDE with a spin up particle and a spin up hole (5S Z = +1) 
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have dispersion relation (see Eq. (5.16)) 

- = («i - n 2 )u c - gp B B + El \ n2 - (g) , 

with n -2 < p. and > p-*-. 


(5.18) 


5.4.1 Spin-flip excitations 

In the spin-flip excitations, a particle changes Landau level as well as flipping its spin. 
The excitation modes can have energy different from (rq - n 2 )O c + 9PbB( 5S z ) at 
q = 0. since the Coulombic interaction may change the gap energy, in general. There 
are three types of ground state to consider: (i) fully polarized states (p-f = 1, = 0); 

(ii) unp'ilarizod states (p+ = p;); and (iii) partially polarized states (p-j- = Pj. + 1). We 
discuss the spin-flip excitations of each of these ground states. 

Case -I: For fully polarized states, the dispersion relation, corresponding to spin 
down part icle and spin up hole excitations.- from Eq. (5.17), is given by 

uj m - mu} c - gpeB = AE m (q ) 

= 41 ,-VSL.k), (5-19) 

where m is an integer. The change in energy, due to Coulomb interaction between 
the fermions, corresponding to the two lowest modes with m = 1 and m = 2, are 

respectively obtained as 

f [2 - e-W [(1 + q 2 )h (f) - q 2 /, (y)] } , (5.20) 

= 0t/!{ 8 - e ^1 (3+2tf+254)/o (f) 

~(4q 2 + 2<T)/i ^y)j } - (5-21) 

Here J 0 and h are the modified Bessel’s functions whose integral representations are 

given by 

«*> - 

lj. ( z ) = — r e ~ z cos 8 sin 2 e d6 . 
z K 4tt Jo 



(5.22) 

(5.23) 
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Figure 5.1: A Ei(q) and AE 2 (q) are plotted in the units of e 2 /d u against ql , ,. q = oc 
asymptotes are same for both the cases. 


These two dispersion relations are shown in Fig. (5.1). For very low ql- h these energies 
behave as 


A E x (q) 

AJ?2(?) 


£ 

d 0 2 

do • 


f- 

q 2 

l - — 

V 2 

2 _ 


r 


5 - y~ 

V 2 

2 _ 


(5.24) 


Thus the Coulomb interaction has changed the gap energy for these spin-flip excita- 
tions. At low momentum, the exchange in self energy dominates over the interaction 
energy- between excited particle and hole pair. On the other hand, their contributions 
reverse for higher momentum. Thus the dispersion relations show a minima in their 
spectra (see Fig. (5.1)). 


There is no mode corresponding to the dispersion relation (5.18), since the popu- 
lation of down spins is zero in the fully polarized ground state. 

Note that the above dispersion relations of the spin-flip excitations hold for the 
Laughlin states with u = ~j- because they all have same Iq. All these states acquire 
non vanishing gap energies due to the Coulomb interaction, contrary to the result 
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of Kallin and Halperin[69] for v = 1 state (s = 0). The reason for the mismatch 
between the two results is that they have calculated exchange self energy wrongly. 
This drawback was corrected by Longo and Kallin[77], who have further calculated 
dispersion relations using the SMA to obtain finite gap energies due to the Coulomb 
interaction in partially filled Landau levels. As we have seen, the present model allows 
for spin-flip excitation at u c + 9 HbB, while the lowest spin-flip mode in the SMA is at 
w c + 9VbB. 

Case-II: For unpolarized QHS, equal number of LL filled by particles of up and 
down spins. Consider the simplest case |pf| = |pj = 1. The dispersion relations for 
the spin flip excitations with 8S Z = ^1 are respectively given by 

w m - mu c - 9HbB = A E~ 

= Ej^-VULniq), (5-26) 

u m - mui c + 9(j,bB = A E+ 

= ( 5 - 27 ) 


Here A£+ = A as E% 0 = jgJJb due fco the e< i ual population of both the spins. The 
change in energy due to the Coulomb interaction for the two lowest modes (m = 1, 2) 
are given by 

asm - *i/5 

-(4q 2 +2?‘)J l ^jJ| < 5 - 29 ) 


respectively. These are shown in Fig. (5.2). Note that the Conlomb interaction does 
not contributes to the m = 1 mode. The unpolarized states with v = 2/(4s ± 1), t.e., 
the states with 2 as a numerator such as 2, 2/3, 2/5 have similar spin flip excitations 

as above since they all have same Iq- 

Case-Ill: Consider the simplest case M = 2 and tprl = 1 as an example of partially 
polvriv^ QHS. The. dispersion relation corresponding to SS, = +1 excitations is given 
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ql o 

Figure 5.2: (a) A Ef(q) and (b) AEf{q) are plotted in the units of e' 1 /fin against r// 0 . 
The lines (c) and (d) are the respective q = oc asymptotes. 

by 

u m - mu c + g/j B B = 6E~ = E^ - V^ Qm {q), (5.30) 

with m > 1. Therefore there is no mode at ~y - g f i B D in this case. 5S Z = -1 type of 
spin flip excitations may occur from any of the two filled LL by up spins. They have 
two classes if dispersion relations given by 

o; m - mui c - gg B B = A£^~ = - V^ 0m (q) ; m > 0 , (5.31) 

1 )d> c - gg B B = = _ V^V lm ( 9 ) ; m > 1 . (5.32) 

The energies A E?~(q), A E^~(q), and AE^~(q) are shown in Fig. (5.3). Figure 
(5.4) represents AEf(q). The states with v = 3/(6s ± 1), he., all the states with 
numerator 3 such as 3, 3/5, 3/7 have the similar spin-flip excitations as shown above. 

5.4.2 Spin-wave excitations 

When Fermi energy lies between two spin split levels in the same LL, the particles may 
be excited within the same LL by flipping the spin. This excitation is possible only 
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Figure 5.3: (a) AE\ l) '~(q), (b) AF., 1 ' (q), and (c) A e[ 2) ( q ) are plotted in the units of 
(•-/tin against ql t} . The lines (d), (e), and (f) are the respective q = oo asymptotes. 



Figure 5.4: The spin flip mode, corresponding to flipping the spin from down to up, A E? (q) 
is shown in the unit of e 2 /elo- 
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in the ferromagnetic ground state. Therefore, fully polarized and partially polarized 
QHS are possible candidates to observe this kind of excitations. We shall see below 
that the Coulomb interactions do not change the spin-wave excitation energy at q .= {}, 
as required by Larmor’s theorem. The long wave length spin wave becomes gapless at 
9 = 0. 

Fully polarized states : Consider the fully polarized (/> = 1. = 0) QHS first. The 

spin wave dispersion relation is obtained as 


u QUbB — Ai?(g) — Eqq — V O 0Q O (q) . 


(5.33) 


The explicit form of A E(q) is given by 


el 


1 - e-^Io | 


(5.34) 


The dispersion energy A E(q) is shown in Fig. (5.5). The states v - l and v = 1/(2, s’-H) 
follow the above dispersion relation in their spin wave excitations. At very low ql lU the 
spin wave is quadraticallv dispersed as 

g2 i pzr 

u = gp B B + —-^‘-{ql Q ) 2 . (5.35) 

The energy cost to excite a spin down quasi-particle and a spin up quasihole is 
-. This excitation corresponds to q 2 -> oc in Eq. (5.34). 

Partially polarized states: For the simplest case of partially polarized QHS, |p+] = 2 
|pjJ = 1. In this case, the spin wave dispersion relation is given by 

w - WbS = = £« - gM ( 9 ). 


We find the dispersion energy to be 


A£(?) = Zit/f f 3 - e ~*' 2 { < 3 - 2 « 2 + 25% ) - 2q 2 /i (£' 


(5.36) 


(5.37) 


which is shown in Fig. (5.6). The spin wave excitations of the states with v = 3, and 
v — 3/(6s± 1) such as 3, 3/5, 3/7 have the above dispersion relation. Ar very low q/ 0 , 
this is again quadraticallv dispersed. The dispersion relation then is given by 

■ < 5 - 33 ) 


uj — gii&B + 
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In this case, the energy necessary to create a spin up qnasiparticle and a spin down 
quasihole pair is (see Eq. 5.37). 

Similarly other partially polarized QHS such as // = 5, 5 '*>. 5 1 1 also possess spin 

wave excitations. 



Chapter 6 

Activated resistivities in integer 
quantum Hall effect 

6.1 Introduction 

It was first observed by von Klitzing et al [1] that two dimensional electron gas at 
low temperat ures and in the presence of high magnetic field B perpendicular to the 
plane can exhibit quantization of the Hall resistivity at integer fillings, with a high 
accuracy (one part in 10 s ). Subsequently, it has been observed that the precision of 
this quantization could be much higer (one part in 10 9 ) [79]. The essence of this IQHE 
is that the quantization of Hall resistivity p xy = i(27r/e 2 ) at integer filling factor v = i 
exists for a wide range of physical parameters, viz, of B and of the carrier density p. 
At the same time the diagonal resistivity p xx shows a sharp minimum. Prange [8], 
Laughlin [9], and Halperin [10] have argued that as long as the Fermi level lies in the 
region of localized states between two current carrying regions of extended states, the 
Hall conductivity a xy is quantized and a xx vanishes. It has been observed that the 
measured value of p xy approaches the universal value j(27r/ e 2 ) as the temperature is 
lowered. 

In his pioneering work, Laughlin [9] has shown that the edge effects are not impor- 
tant for the accuracy of quantization. He further speculates that the only significant 
source of error in quantization is the thermal activation. In fact, there exists a fairly 
good number of experiments [12, 13, 80-89] which study the effect of temperature on 
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the quantization. Speaking broadly, there are two important aspects regarding these 
studies, viz, (i) the flatness of the plateaus formed in and the critical transition 
between the plateaus, (ii) the value of quantization at the control point of t he plateaus, 
he., the points at which p xx show minima and for which u are exactly integers. 

The present chapter is principally concerned with the latter aspect, i.v,. the be- 
haviour of p xy and p xx with changing temperature and disorder. We shall study this 
at the centre of the plateau, he., we look at the point at which the filling factor u is 
an integer. 

Let us now briefly review the pertinent experimental situation. Early studies by 
Yoshihiro et al [12] and Cage et al [13] show that p xy decreases with increase in tem- 
perature at the minimum of p xx . They also find a linear relationship A p xy = —Spf x l 
between the deviation A p xy = p xy (T ) — p xy ( 0) from the zero temperature value of p xy , 
and the minimum value of p xx . Cage et al [13] have further found that, the value of 
5 varies from 0.06 to 0.51 for different GaAs samples. In Si MOSFETs. Yoshihiro 
et al [12] have found S ~ 0.1. Although the values of S are device dependent and 
also on how the system is cooled, the linear relationship is itself universal. Cage [90] 
has pointed out that sample size effects which have been calculated by Rendell and 
Girvin [91], Hall probe misallignment, and variable range hopping conduction are not. 
responsible for the linear relation between A p xy and p™ n . Moreover, Cage et al [ 13 ] 
have surprisingly observed that even when the Hall steps are flat to within 0.01 ppm 
instrumental resolution, the temperature dependent error Ap xy is still quite large. This 
suggests the loss of universality at finite temperatures. However, it is not always true 
that p xy decreases with the increase of temperature, as Wei et al [80] have observed a 
positive slope between A p xy and p™ n in their GaAs samples. Finally, Weiss et al [81] 
have fitted the temperature dependent prefactor in the activation of p™ x n by a form 
Pxx ^ X exp[— a? c /2T] in the leading order, where u c is the cyclotron frequency. 

We remark here the fact that the value of S depends not only on T but also 
on its prior history, hinders any explicit comparison between theory and experiment. 
Nevertheless, we show that the present model yields a linear relationship between A p xy 
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an< ^ Pxr flIK ^ tdn accommodate both positive and negative values of S. The linearity 
is in a smaller range of temperatures for the case of positive values of S. A further 
estimation of effective mass rn which follows thereof is also not unrealistic, and is of 
the same order of magnitude as the experimental number. 

The experimental results are quite ambiguous regarding the prefactor of a xx . Clark 
et al [b2] have measured the prefactor of a xx for fractional quantum Hall states and 
find a universal value e“/27r, independent even of the filling factors. In contrast, in a 
recent experiment by Katayama et al [83], the prefactor is found to be proportional to 
l/T. On the theoretical side, Fogler and Shklovskii [92] have found that for the case of 
long range random potential, the prefactor is indeed universal and is given by e 2 /2?r, 
but only above a certain critical temperature, and that it decays according to a power 
law below the critical temperature. On the other hand, Polyakov and Shklovskii [93] 
obtain the prefactor to be 2e~/27r. Here we study the case of short range potential 
and we find the prefactor to be temperature dependent, in agreement with that of 
Katayama et al [83]. 

To be sure, there is more experimental information available largely related to the 
aspect (i) mentioned above and not studied in the present chapter. For instance, Wei 
et al [84] have observed a similarity between p xx and ^ with the only difference that 
while the maximum value of p xx decreases, the maximum value of increases with 
decreasing temperature over the range of temperatures from 0.1 K to 4.2 K. They have 
also found the power law behaviour (^g-) max oc T~ k and the width of the p xx peak 
AB oc T k with k = 0.42 ± 0.04. Further measurements by Wei et al [85] show that 
the extrema of and diverge like T~ 2k and T~ zk respectively. Huckestein 
et al [86] also have measured the temperature dependence of the plateau and obtain 
a value k — 0.42 in agreement with Wei et al [84]. The above observations are for 
fully polarized quantum Hall states. When the Landau levels are spin degenerate, Wei 
et al [85] and Hwang et al [87] have reported that (^) max and (AB)- 1 diverge like 
T~ k / 2 . However, Wakabayashi et al [88] and Koch et al [89] find no evidence for the 
universality of the exponent k. All these aspects are discussed in a recent review by 
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Huckestein [94]. These mutual conflicting experimental results lie outside the scope of 
the present study. 

On the theoretical side, Ando et al [95] computed a xx and a ry at T = 0 using 
a simple Lorentzian density of states (DOS) approximated from the self consistent 
Born approximation (SCBA) density of states; they have not considered the frequency 
dependent imaginary part of the SCBA seif energy of the single particle Green funct ion. 
In this chapter, we make the full use of frequency dependent self energy. 

6.2 The formalism 

Consider a system of (weakly) interacting electrons in two space dimensions in the 
presence of a uniform external magnetic field of strength B. confined to the direction 
perpendicular to the plane. The electrons also experience a short ranged impurity 
potential U( X). The strength of magnetic field is fine tuned such that A* Landau 
levels (LL) are exactly filled. In the presence of a sufficiently high magnetic field (as 
is relevant to our case), the spins of the fermions would be 'frozen' in the direction of 
magnetic field. Therefore, one may treat the fermions as spinless. The study of such a 
spinless system can be accomplished with the Lagrangian density, 1 

£ = ip*iD 0 Tp--^^\D k ^\ 2 +ip*fiip-ip*UTp-eA% l p+^ j d z x' A^(x)V~ l (x-x'jA^U') . 

( 6 . 1 ) 

Here D v = d u — ie{A u + (where A v is the external Maxwell gauge field and 

is identified as internal scalar potential), p is the chemical potential, and m* and p 

are the effective mass and the mean density of electrons respectively. The fifth term in 

Eq.(6.1) describes the charge neutrality of the system. Finally, V~ 1 (x - x') represents 

the inverse of the instantaneous charge interaction potential (in the operator sense). 

The above Lagrangian density is equivalent to the usual interaction term with quartic 

form of Fermi fields, which can be obtained by an integration of Atf 1 field in Eq. (6.1). 

Alternatively, one may also use Hamiltonian formalism in the frame work of random phase ap- 
proximation (RPA). The Gaussian fluctuation in the Lagrangian formalism is equivalent to RPA in 
Hamiltonian formalism. 
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NuU' also that the electrons interact with each other via 1/r or some other short range 
potential, i.t’.. the internal dynamics is governed by the (3+l)-dimensional Maxwell 

Lagrangian as is appropriate for the medium. 

We now construct the partition function (j3 = 1/T being the inverse temperature) 

of the system, 


2 = 1 [d4 n ] [#][<#•] exp - fir J d 2 XC (E) 


(6.2) 


which on integration over the fermionic fields, (by fixing of the saddle point at the 
uniform background magnetic field B), factors into the form Z = Z B Zi. Here C {E) is 
the Euclidean version ol C in Eq. (6.1). For the transformation into the Euclidean space, 
we make a substitution t — > —it and consider the real parameter r as a coordinate on 


a circle of circumference /?. Fermionic fields are antiperiodic on this circle while the 
bosonic fields are periodic. The time component of the vector field A M is redefined as 
,4o — > iA r . The back ground part of the partition function is given by 


Z B = Tre~ 0{H -w ) , 


(6.3) 


which is obtained from the fermion determinant, found by the integration of fermionic 
fields. The finite temperature back ground properties of the system can be studied 

using Z B - Here 

H = -A-Dl + U(X) = H a + U(X) (6.4) 

is the single particle Hamiltonian. Zi is the partition function corresponding to the 
external probe, which will be determined later below. 


6.3 Single particle Green’s function 
6.3.1 Disorder free Green’s function 

The spectrum of disorder free Hamiltonian Ho for the system is a set of LL with energy 
eigen value for the n-th LL, 

e n = (n A ~Vc i n = 0, 1, 2, • • • 




J 


(6.5) 
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where u> c = eB/m* is the cyclotron frequency. In tin 1 Landau gang*' 

A = (—BX‘2,Q), ( 6 . 6 ) 


the eigen function corresponding to the eigen value e n is 

MX) = ^f kXl v n (y + kij ; (6.7) 

where v n (x) is the appropriate harmonic oscillator wave function. Here / = 
is the magnetic length of the system and is also the classical cyclotron radius in the 
lowest LL (n = 0). Each level is infinitely degenerate with a degeneracy pi — I /2~/- 
per unit area. 

The single particle Green function Gq(x.x') for the disorderless system can be 
obtained by solving 

(5 t + H 0 - p)Go(x.x') = *< 3 >(j - x') (6.8) 

subject to the requirement of antiperiodicity under the translation r ~r r + J. (7„(.r. 
can be expanded in the normal modes of discrete frequencies <fi s = (2s -f l)n/3: seZ. as 

G 0 (x,x') = -iy e-«-( T -'')<jf|G„(i6)|A'') . (6.9) 

where the operator Go(i£s) is given by 


Go(i£ s ) 


1 

i^s d” P Hq 


( 6 . 10 ) 


with eigen value Go (z£ s ) — [z<f s + ju — e n ] l . By analytical continuation — >■ e ± irj, 

we obtain this eigen value in the real space as 


G n 0 (e) = 


e + p — e n ±ir) ' 

Here +(— ) refers to retarded (advanced) Green’s function. 

The density of the particles is obtained in terms of the Green’s function as 


( 6 . 11 ) 


p(X) = - G 0 (i.i’)l 


X'=X,T>=r+0 ■ 


( 6 . 12 ) 
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Ihr density is independent of the spatial coordinate, i.e., the density is uniform, and 

is given hv 

N =J = T.fn, (6-13) 

ri n 

where the Fermi function corresponding to n-th LL, f n = [1 + exp(/?[e n - ju])] -1 and N 

is the number of fully filled LL at T = 0. 

At low temperatures characterized by /?u c > 1, we shall determine the chemical 
potential for fixed density. To this end, we write [99] 

e P(tn-tl) _ 1/2-n 5 (614) 


wln're u: = exp[— is the perturbative expansion parameter. We expand the right- 

hand side of Eq. (G.14) to obtain 

,w r6 — w r ^~ s ^ — 




/i/W-l/’i-nj-l 


- - + \ 

L u) c 4 


+ E(-i)’ 


r>X 


1 — W T 


where jiU y -r 1/2] denotes the (positive) integer part: 

+ S , 0 < 5 <t 1 . 
Since w is very small, Eq. (6.13) takes the form 


a 1 

— + - 
U>r 2 


JL + l 

w. 2J 


N = 


JL + l 

,u c 2J 


w 


/ + W x ~ s + w »/ u '+ l / 2 + 5 + . 


The solution of (6.17) in the leading order is obtained as 

„n 


JL + l 

,u c 2 


r 1 ®‘ 

’ "2 + 21nu; 


Therefore, the chemical potential is given by 


m 


2np }_ e -Npu c + , 


2P 


(6.15) 


(6.16) 


(6.17) 


(6.18) 


(6.19) 


which is an exponentially small temperature correction to the Fermi energy at T 0. 
On substitution of the value of p on Eq. (6.14) we obtain 


= exp [/H(n - JV + 1/2)] (l + ie-' , "‘ (w+I/2 > 


+ 


( 6 . 20 ) 


which will be needed later. 
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6.3.2 Impurity averaged Green’s function 

We assume a random distribution of white noise disorder potential l (A j all over the 

space with probability distribution 

P[U]=J\fexp —^Jd 2 X\U(X)\^ . (6.21 ) 

where M is the renormalization constant. The average potential 

MX) = 0 . (6.22) 

Hereafter overbar denotes the average with respect to the distribution P[U] (Eq. (6.21)) 
of the disorder potential. The correlation between the potentials at two points is given 

by 

U(X)U{X') = X 2 5(X - A") . (6.23) 

The scattering potentials are short ranged. 

The single particle Green’s function for the disordered system in terms of the free 
Green’s function (6.9) is given by 

G(x, x') = (x\G\x') = (x\G 0 + G 0 UG\x’) 

— (x|Go|tr / ) + (x\GqUGq\x') + (x\GqU GqL C?o|2/) + • • • . (6.24) 

When we average over the distribution in disorder, the terms with odd number of 
U operators vanish. Further, due to the condition (6.23), each scattering centre is 
responsible for an even number of scatterings. 

If Go( e ) be the free Green’s function for n-th LL, then the corresponding impurity 
averaged Green’s function is given by 

= GJ(e) + G?(e)S n (e)^(i) . (6.25) 


In other words, 


G"(e) 


(6.26) 


G n (e) has the diagrammatic representation as in Fig. 6.1(a). Here E n is the corre- 
sponding self energy. For the evaluation of E n (e), we make the self consistent Born 
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(c) 


Figure (5.1: The thick (thin) lines with arrows represent disordered (disorderless) single 
particle Green's functions. The symbol X denotes the scattering centre and the dashed 
lines represent the scatterings, (a) The propagator (impurity averaged) for rc-th LL G n is 
shown. Here E„ is the corresponding self energy, (b) The diagrams which are not taken 
into account in the SCBA — the diagrams corresponding to multiple scatterings at a given 
scattering centre and the cross diagrams, (c) The diagrams which have been considered 
for the evaluation of self energy. 


approximation (SCBA). In SCBA. one neglects multiple scattering at any point and 
the cross scatterings which are shown in Fig. 6.1(b). The diagrams which contribute 
to SCBA are shown in Fig. 6.1(c). 

We find that E n (see Fig. 6.1(a)) is 


£.(«) = > 2 P I £ 77— f Cs 77) 

m >_ n ^ T H t-n+m ^n+roF) 


(6.27) 


The solution of Eq. (6.27) can be obtained self consistently [96]. This is given by 

= —(<+*•-<») + 1 vfc + /* - <*) 2 - r2 . 


where T 2 = 4 A 2 pi. 
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For a disorderless system, T = 0 and hence the self energy L„ also vanishes. In t he 
range of energy e for which |e + yu — € n | > F, S n is real; it merely changes t he energy of 
the particles. On the other hand, for the range !e — p — e„j < F. has Hot h real and 
imaginary parts, and is given by 


£*(« = + M ~ *«) ± ( - e + /* - 


16.201 


Therefore in this range, the impurity averaged retarded and advanced Green's functions 
are given by 

^r,a( € ) = ' , . // . ^7 ' ( 6 - 30 ) 


e + ju - e n ± iyj (e + n - e n )'~ - F 2 
The DOS for the n-th Landau band, 


V n (e) = -Z-I mG?(e) 

it 


1 2 


2itl 2 trF 


£ - h 


This is the well known SCBA DOS which is semi circular in nature. This will be used 
to determine the linear response of the system. 

Alternatively, one may also consider the Gaussian DOS which is given by 


V ( e \ - —LjjLp- 2( £ -M-od-/r*’ 

A brief comparison between the above two DOS will be made later. 


( 6 . 32 ) 


6.4 Response functions 

The partition function corresponding to the external electromagnetic probe is 

= / [d4 a ] exp[-S £ ] , (6.33) 

where S E is identified as the Euclidean one-loop effective action of the gauge fields. It 
is given by 

sE = w + 4 ‘j„(j)) n^(i, i 1 ) (iM + gj„(i')) 

-\Jd 3 xj d 3 x'A?(x)V-'( x - x')Af(x') . (6.34) 
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Here the integration over the imaginary time r runs from 0 to (3. The effective action 
is obtained by expanding the fermionic determinant up to quadratic terms in powers of 
fields A lL and A™. The polarization tensor El^x, x') is evaluated at the saddle point 
mentioned. Since is evaluated in the path integral formalism, r-ordering is implied 

for the correlations, i.e., 


n^(x, x') = —{T T jn(x)j v (x')) 


,5A u {x') 


(6.35) 


The overbar implies the average over the distribution of random disorder in Eq. (6.21). 
In terms of the thermal single particle Green’s function, the components of Uf v are 

given by 


x) 

ng(x,!') 


-e 2 G(x 1 x')G(x',x) , 


2m* 


D k G(x , x')G{x', x) - G(x. x')j D* k G{x', x) 


4m* 2 L 


D k G(x,x')D[G(x',x) - (D k D[*G(x,x')) G(x',x) 


+D , l *G{x,x')D* k G(x',x) - G {x.x') DIDIG (x',x ) j 

X'=X,t j = t +0+ ‘ 


4 — -5 kl 5[x - x’)G{x, x‘) 


rr , r 


(6.36) 

(6.37) 


(6.38) 


We remark here that once we average over the distribution of the impurity potential, 
the translational invariance gets restored. Therefore, the polarization tensor can be 
represented by Fourier expansion 


Ay! • 


n U x ^) = pX‘J (2 w 


(6.39) 


where Matsubara frequency coj = 2xjj j3. Due to rotational symmetry and gauge 
invariance, there are three independent form factors. One thus obtains the polarization 
tensor in the form (in momentum space) 


q) = Ilofo, q)(? 2 <V ~ Qn < b') + 0^2 ^ no(wj, q)) 

x (q 2 5 t j - QiQj) Sitifiv j + IIi(wj, q)s k iuxq X , 


(6.40) 
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where = ujj + q~. Here IIo, II x sind 11*2 3-re the form factors. Note t hut 1 1 \ is a P . T 
violating form factor. The one loop effective action then acquires the form 

Si = nE/ra [(-4(?) + 4“(#G n't*, q) (-M -./) - 


which will be used below for determining the linear responses of the system. 


16,11) 


6.4.1 Off-diagonal conductivity 

A straight forward linear response analysis from Eqs. (6.40) and (6.41). yields the 
expression for off-diagonal conductivity to be 

a xy = lim Rerii(uaO) , (6.42) 

subject to the condition limq^o R(q)q 2 = 0. Ili(u;,0) is obtained by the analytical 
continuation: itOj — t c o + i5. 

The form factor III can be determined from the evaluation of the component, say 
nf T of the polarization tensor (6.40). The impurity average over two Green's func- 
tions in Eq. (6.37) is not equal to the product of two averaged Green's functions 
(Fig. 6.2(a)), in general. It has an additional contribution coming from vertex cor- 
rections (see Fig. 6.2(b)). We shall determine the contributions from Figs. 6.2(a) and 
6.2(b) separately. 

Considering figure 6.2(a), we get 

^2 i co oo 

n i (mu ” 9 m * 2jrl 2 ^ ^ ^nm + nS mjl ^i — (271+ I)dmn] * (6.43) 

w n— 0 m=0 

where 

OO 

4m+) = -w E G ”C6) - iuj) - (6.44) 

P s=— OO 

The equation of I nm is done in the Appendix C. Performing analytical continuation: 
iuij -+ uj + i5, we obtain the real part of I nm (see Eq. C.9), 

/‘€n~ /i+P ^ _ 

Re I nm (w ) = 2 y ^ ^^^(e) Im G?(<r) Re G™(e - cu) 

r€ m —fi+r 

+ 2 / 7T n p ( € ) Im G™(e) Re G?(e + u ;) . 


(6.45) 
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(b) 


Figure- n.2: The thick lines with the arrows represent the single particle Green’s function. 
The wiggly lines represent the external electromagnetic probe, (a) The response function 
within the SCBA is shown, (b) The diagrams corresponding to the vertex corrections 

for the response function. 


Hen* iifit i represents the Fermi function, 

MO = • (6.46) 

By Taylor expansion of Eq. (6.45) in powers of V/u> c , we obtain, with the use of 
Eqs. (6.42) - (6.46), the off-diagonal conductivity (without vertex correction) 

+ 0 (I) 2 . (6.47) 

Vertex correction: We next consider the contribution to a xy due to vertex corrections 
shown in Fig. 6.2(b). For the lowest order vertex correction, the contribution is 
suppressed by a factor (T/w c ) 2 in the limit F/u; c < 1, since two more scatterings take 
place in the virtual process. The vertex corrections due to more and more number of 
scatterings lead to the contributions which are further suppressed by a factor F/cj c for 
each scattering. Therefore, in the limit T/uj c < 1, the total off-diagonal conductivity 
is essentially given by 


pKE( 2n + 1 )/«( 1_ fn) 
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to examine whether the stable renormalization group How at finite / occurs towards 
the point (cr xx , a xy ) : which we evaluate here, for which v is an integer and V U. 1 his 
anal ysis would explain the behaviour of plateau at finite o mi »r-> in given by 
E q- (6.48). 


"Ehe leading order contribution to o xy in Eq. (6.48) is in the zero-th order of l /^V* 
and has a temperature dependent term. It may be noted that this temperature depen- 
dent Contribution 2 owes its origin to intra LL transitions, which would contribute in 
the thermodynamic limit only if degeneracy grows with area. 

^ is interesting that the above mentioned intra Landau level transition which is 
unique to this case also contributes to the specific heat, as was derived by Zawadzki 
Eassnig [105]. This has been experimentally verified later by Gornik et al [106]. 

^ i° w temperatures (/L; c » 1), we perturbatively evaluate a xy with the expansion 

” 2~r t [ — — — — 

Similar temperature dependent contribution is also obtained in the allied context of anyon 
superconductivity [99-104]. 
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parameter r 


as Wf ‘ have discussed in the section (6.3.1). We thus find 


V X y{T) 


-[1 - 4 y] 


(6.49) 


T [ T ' 

1/ = ^ exp |--^j , (6.50) 

.chore /., = — ~ ■ I hi; temperature correction to the cr xy is exponentially weak. This 
ends to some interesting consequences as we shall show in the next section. 


6.4.2 Diagonal conductivity 

Again, a linear response analysis of Eq. (6.41) provides the diagonal conductivity to be 


a xx — - lim Im IK, (u, 0) . 

w~>0 m ‘ 


(6.51) 


Here r represents the retarded part of the correlation function which is obtained 
from Eq. (6.10) by analytical continuation. Equation (6.51) is derived in the limit 
lim q ...» r(q)q“ = 0. Therefore Eq. (6.51) is true for all those potentials which are 

short ranged compared to Inr. 

We evaluate Flf((u; ; ,0) using the same procedure employed in determining II f r 
discussed above. It may again be shown that vertex corrections are suppressed by an 
extra factor of F /uj c . We therefore only need to evaluate the contribution arising from 

Fig. 6.2(a). We thus obtain 


nf.(^.o) 


2 -I oo oc 

, “ I, o !4 X- ^ nm { W j)\( n ^m,n— 1 (271 + l)^mn] 

4rrr 2 ? xl n=r0m=0 


e 2 l 00 


where 


-I OO 

In = -~ d £ &<&) • 


(6.52) 


(6.53) 


The term /„ is independent of u# it does not have any imaginary part. Using Eq.(C.9), 


we write 


Im I nm (w) = -2 ^n F (c) Im G?(e) Im G?(e - a;) 
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r€ m -li-rV d* — ™- 

+2 / —n.p(e) Ira GT ‘ {>■} lin G"\< - W 


1 6.54 : 


The diagonal conductivity is thus given by 

„2 -j^ 3C oo 


a xx — — lim - — . , , 

w-* o 4m* 2 27rZ 4 


£ Im Jam (w) [(n+ l)ti m<n - 


-f nr),. 


1 2/f 


1)<\, ’ . 


n=Q m= 0 


( 6 . 55 ) 

In the limit T — )■ 0 (disorder free), a xx vanishes, as may easily be checked. For F finite, 
there are some interesting consequences. Recall that according to SOB A. the imaginary 
part of G”(e) exists in the region of e for which F > je n + e — pi. Therefore the integrals 
in Eq. (6.54) are non-zero only when m — n, i.e., the contribution is entirely due to 
transitions within the band of an LL. We obtain 


2e 2 



UJc 

r 


T, (2n + l)/n(l — fn) + O 

n=0 


( 6 . 56 ) 


Notice that at finite temperatures, there is a singular contribution in >t rx as F --»■ 0. 
However, as we have seen above. a xx vanishes for F = 0 at all temperatures. Further at 
T = 0. there is no possibility of intra band transition within an LL and so n rx vanishes 
again. Therefore the expression (6.56) has a pertinent role only at finit e temperatures, 
and in the presence of disorder. In short, a xx {T,T = 0) = 0: a xx (T = O.T) = 0. In 
the high field and low broadening limit, r/co c <C 1, and so we neglect the higher order 
terms in V/u c . Note that a xx (T ) is evaluated for those specific value of B (or p) for 
which v — p is an integer. 

A low temperature expansion of Eq. (6.56) yields 




,(T) = 


3tt 2 


U c 

r 


y 


16e 2 ZV 

( &c\ To 

■ T 0 ‘ 

3tt 2 

[ YJY exp 

. T. 


( 6 . 57 ) 


It may be noted that there is now a competition between two energy scales — the 
temperature T and the broadening F in Eq. (6.57). For very low temperatures, y is 
exponentially small (see Eq. (6.50)) and the value of cr XI need not be large although 
o; c /r > 1. In fact, at T = 0, y = 0 leading to a vanishing of cr xx . Further, we see that 
&xx{T) is thermally activated with a temperature dependent prefactor, in agreement 
with the experiment of Katayama et al [83]. This prefactor is clearly not universal anv 
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moie. since it depends on the integer filling p and the broadening of an LL, as given 
by F. The mismatch between the results of Ref. [93] which predicts universality and 
that of ouis may be due to consideration of different types of the disorder potential; 
whereas they have taken a long range scatterer, we have considered 5-correlated short 
range disorder potential. Interestingly, Fogler et al [92] report that for long range 
scatterers, the prefactor is temperature dependent below a characteristic temperature. 
In concluding this section, we note that our results obey the phenomenological relation 

AfJjy = (J X y(T) — & X y(0) ~ ^ O XX ) (6.58) 

which was proposed by Ando et al [95] based on general arg um ents 

6.4.2. 1 a xx for Gaussian density of states 

For the Gaussian density of states (6.32), the limits of integration in Eq. (6.54) r uns 
from — oo to oc. There is a possibility of inter Landau band transition at finite tem- 
peratures apart from the intra Landau band transition, since the Gaussian density of 
states has a long tail, unlike the SCBA density of states where there is a sharp cut-off. 
However, the contribution to a xx due to inter Landau band transition is exponentially 
weak, and behaves like exp[-uj 2 /2r 2 ]. Note that T /u c <C 1. The major contribution 
therefore again comes from the intra Landau band transition. The vertex corrections 
are suppressed by the higher orders in T/ui c . We thus obtain the diagonal conductivity 
for the Gaussian density of states 

2 ft) \ 00 

~ (^J fa £(2 n + 1)/„(1 - /„) , (6.59) 

which has the low temperature form 

aM ( T ) = 72^ (rO^ (6 ' 60) 

which qualitatively agrees with cr xx (T ) obtained from the SCBA density of states as in 
Eq. (6.57). This exercise serves to demonstrate that the crucial features of a xx are of 
not artifacts of the SCBA. 
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6.5 Resistivities and comparison with experiment 


We now take up the discussion of resistivities of quantum Hall status whir!) is •«! pri- 
mary interest to us. Cage et al [13] and hoshihiro ef <i! _ I ~ ha\e h’Unu that ( / 
decreases with increase in temperature and the deviation from its /or>* temperas tin* 
value, A p xy (T) = p xy (T ) - p xy { 0) obeys a linear relationship wit 


a ,.c 


as 


A p xy - -Sp\ 


min 

; xx 


( 6.61 1 


Cage et al [13] have further reported that the linearity remains for the temperature 
range 1.2-4.2K for which the value of changes up to four decades. The value of S 
depends on the device and the cooling process and hence is not reproducible. However, 
the linear relationship (6.61) is universal. The sign of 5 is not always positive as Wei 
et al [80] have observed that p xy {T) increases with temperature. We shall see that 
both the signs of S along with the linearity (6.61) can be obtained in different physical 
regimes of temperature and broadening, (although in a narrow range of mmp.Tatures 
for positive S). Presumably, these physical regimes correspond to the above mentioned 
experiments. Both the regimes belong to low temperatures and low broadening, as we 
show below. 

In the previous section, we have determined a xy (T) and <? XX (T). Now by symmetry. 
o yx {T) = —a xy (T) and cr yy (T) = a xx (T). We then invert the conductivity matrix to 
obtain the resistivity matrix with the components 


P xy{T) 


CTxy{T) 


aUT) + a%{T) 


— Pyx (T) : p IX {T) 


<r,*(T) 


<?'L(T) + cr%(T) 


PvviT) ■ 


( 6 . 62 ) 


Using the conductivities obtained from SCBA DOS (Eqs. 6.49 and 6.57), we get 

( 2?r \ 1 - Ay 


Px ^ T ) VeW ( 32 / 37 r) 2 (o; c /r)V + (1 - W '' 

0 (T] = ( 27r ^ (32/37r)(o; c /r)y 

K ’ \e 2 N J ( 32 / 37r ) 2 ( a ) c / r) 2 ?/ 2 + (1 - 4y) 2 ' 

We shall study these resistivities for two different situations below. 


(6.63) 

(6.64) 
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(i) If r/*v is so small that (F/u; c ) 2 = ay with a- ~ 1, then (u c /T) 2 y 2 ~ y. We then 

obtain 

Pzy{T) = p xy ( 0) 1 _4 |y ; (6-65) 

/rn , 27 r /32\ [w c l 

p - {t) = ^ 

where p xy ( 0) = 2? r/e 2 N is the Hall resistivity at T = 0. 

First of all, p xx (T ) which is thermally activated .with the activation gap To — ca c /2 
with a prefactor ~ 1/T, is in agreement with the best fit data of Weiss et al [81], who 
find that in the lowest order of y, p™ n ~ (1/T) exp[-u; c /2T]. Note that since we are at 
the centre of the plateau {u is an integer), Eqs. (6.64) and (6.66) do indeed correspond 
to the p'™ n which is measured. Secondly, the Hall resistivity decreases with increase 
in temperature, with Ap xy (T ) also being thermally activated, again in agreement with 
experiments of Cage et al [13] and Yoshihiro et al[ 12], Finally, the linear relation (6.61) 
for S > 0 holds in the rather narrow range of temperatures over which (F/u; c ) 2 ~ y. 
In such a case S (which is effectively temperature independent) is given by 


q _ 3tt / 32 
32 Utt 


(6.67) 


The constancy of S remains over a decade in p xx , which is smaller than that of Cage 
et al [13] who find S to be constant over four decades in p xx . 

(ii) Consider the case where r/tu c is small (r/o; c <C 1) but (r/u ; c ) 2 y. Then we 
obtain from Eqs. (6.63-6.64), 


+ ; ( 6 - 68 ) 

*■<*> = (^)i(r)»- (6 - 69) 

Here p xy (T) increases with temperature and p xx (T) behaves the same way as in case(i). 
Interestingly, in this case the linear relation (6.61) between p xx and A p xy is more 
rigorous, with a positive slope given by 


s—%(- 

8 Vu? c 


(6.70) 
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Such a behaviour is seen by Wei et al [SOL 

We shall now proceed to estimate the effective masses m' from the reported mea- 
surements [12, 13] below. It is clear from the discussion above that we can hop.* only 
to get overall order of magnitude agreement. Given the accuracy of quantization 


n = 1 


-N Ary 1 
Pxy ( 0 ) i 


01,71 


at temperature T, the carrier density p and the filling factor .V. one can estimate m* 
from Eq. (6.65). We find, for the choice a = 1 in Eq. (6,65). with the reported accuracy 
of 4.2 ppm at T = 3K for N = 4 IQHE state in a GaAs sample having p = 5.61 x 10 n 
cm. -2 , m* = 0.075 m e . Their further measurement at, T — 1.2K with accuracy 0.017 
ppm gives the value of m* = 0.14 m e . In the measurement of Yoshihiro at al [12] 
in Si MOSFET with p = 1.0 x 10 12 cm." 2 , they find 7Z — 0.2 ppm at T ~ 0.5K for 
N = 4 IQHE state. We estimate m* — 0.67 m e from this measurement for Si MOSFET 
sample. We know that the values of m* in GaAs anti Si MOSFET samples are 0.07m, 
and 0.2m e respectively. Note that it is possible to improve the ugr^'nmn? by further 
fine tuning the parameter a. In short, the estimated effective masses agree with the 
known ones for the respective samples in the order of magnitude. 


6.6 Compressibility 


The compressibility of the system can be obtained from the density-density correlation 
n 00 as 


K = 


Iim i?en QO (0, q) . 


(6.72) 


o o I ***■*>*' - 

e Z p 2 J q-0 

We now evaluate IIf T (a ij ,q) which reduces to n 00 (u;, q) with the analytical continua- 
tion. 

\\ irhout the vertex corrections, we find 

~2 oo oo 


nto)B 


2%l 2 


E E [Sr, 


n= 0 m—Q 


q 2 / 2 

2 {(^ 1 + — {2u + 1 ) 5 rnn } 


+ 0((q 2 ) 2 ) . (6.73) 
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Lsing the Eq. (C.9), we evaluate k by the Taylor expansion in powers of T/u c as before. 
The vertex contributions will not be considered as those are in higher order of T/u c . 

We, therefore, find 

K = (p?) K • < 6 - 74 ) 

where 

e 2 m* 00 / r \ 2 

K = ir. & .E/-(i-/.) + o - ■ (6.75) 

Z7r n = 0 \W C / 

Again, the thermal contribution to k is entirely due to intra Landau band tr ans ition. 
A low temperature expansion of Eq. (6.75) yields 


K 


2m* T 0 
TTp 2 T 


exp 



(6.76) 


At T=0. k — 0, he., the Hall fluid is incompressible, as we know. At low temperatures, 
k is non-zero but exponentially small and hence the fluid is effectively incompressible. 
Figure (6.3) shows how the value of k increases with increase in temperature for a given 
values of pf m* and N. The smooth behaviour of k with temperature upto a value 5K 
where QHE has practically vanished clearly shows that there is no phase transition 
involving the fluids. The same conclusion has been arrived at by Chang et al [107] by 
their measurement of p xx {T) for a wide range of temperatures. 


6.7 Conclusion 

We have considered a quantum Hall system in the presence of weak disorder and de- 
termined the diagonal conductivity a„ and off-diagonal conductivity a xy at finite tem- 
peratures, within the SCBA. We have considered only the integer value of filling factor 
v which is in fact the central point of a given plateau in p xy and the point of minimum 
in p xx . We have shown that cr xy acquires a temperature dependence due to the intra 
Landau level transitions. o xx vanishes in either of the zero temperature and zero impu- 
rity limits, he., a xx is non-zero only when both temperature and impurity are non-zero. 
At low temperatures, cr xx (T ) does activate with a temperature dependent prefactor. 
Inverting the conductivity matrix, we obtain p xx (T ) and p xy (T). We have found that 
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Figure 6.3 : ^h® compressibility as a function of temperature f<y the integer quantum Hall 
state v ass 1* We have chosen m* = 0.07 m, and p :» J* * |0 ;t « m \ 


depending on the physical regimes of T and f\ T "it her or increases with 

increase i** temperature. /?«(?) is thermally activated a* p n *, i j exp * -av/2TJ. 
Further /^-Pxv shown to obey a linear relationship with m agreement with the 
experiment®. An estimation of effective mass from the tncibum] mine of turns 
out to be reasonable, and finally* our determination of compressibility show's that there 
is no phsts® transition involved, again in agreement with experiment*. 




Chapter 7 

A brief survey of literature 


The purpose of this chapter is to present some of the developments on QHE which are 
relevant to the thesis. This, however, do not exhaust all the aspects of QHE in the 

sense of a detailed review. 

I he discovery of IQHE by Klitzing et al [1] with high accuracy in quantization of 
Hall resistivity in two dimensional condensed matter systems brought a great surprise. 
Vet another surprise was in store when Tsui et al [2] discovered that the quantization 
occurs even in the fractional filling factors. We discuss some of the aspects of these 
surprising phenomena below. 

7.1 The integer quantum Hall effect 

In the presence of high magnetic field. LL are formed in the system of the 2DEG. If 
the density of the electrons is such that exactly integer number of LL are filled, the 
chemical potential (Fermi energy) lies in the gap of two LL. In the disorderless system, 
chemical potential has a discontinuity at these ‘magic’ filling factors. This leads to 
a ‘charge gap’ which makes the system incompressible. Due to this charge gap, the 
diagonal conductivity cr xx = 0. The Hall conductivity a H = ie 2 / since the number 
of filled LL is an integer i. In the presence of disorder, the LL are broadened and the 
localized states appear. As long as the chemical potential lies in the region of localized 
states [8-10], the change in the electron density or magnetic field will not alter the 
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conductivities; then cr xx remains zero and On is pinned at the ;r .. \\ hen fin* 

chemical potential hits the extended states, a transition from -me quantum Hall stair 
to another occurs. 

The quantization of cjh with high precision and its universality, a* .. independence 
of the s am ple geometry, electron density etc. indicates that it must hr cuttsequrnre 
of a general principle. Laughlin [9] showed that the quantization occurs due to the 
gauge invariance and the existence of the mobility gap. This argument was further 
extended by Halperin [10], who pointed out. that the IQHE states, contain gapless edge 
excitations. Although the electronic states in the hulk are localized, the electronic 
states at the edge of the sample are extended [11]. The nontrivial transport properties of 
the IQHE states come from the gapless edge excitations [10. 10S . The Hall n inductance 
was also shown to be a topological quantity [11]. The value of quantization, however, 
changes with temperature and it approaches the value ic~/2z as T — .*• 0 '12, 13]. 


7.2 The fractional quantum Hall effect 

The FQHE occurs in a partially filled Landau level. Therefore, the charge gap which 
is essential for QHE is not due to the single particle spectra: it is due to the electron- 
electron interactions. By an argument similar to that of Laughlin [9] for IQHE, Karl- 
hede et al [7] have shown the exactness of quantization in the FQHE as well. The 
FQHE is observed both in the lowest and higher Lanadu levels [4], The FQHE in 
higher Landau levels may be understood as simply the addition of inert filled Landau 
levels to the FQHE in the lowest LL. We are thus concerned with the filling factor 
v < 1. 

Laughlin [14] made a variational guess to obtain a remarkably good ground state 
wave function for v — 1/m, states: 

V 

tfi/m = Ilte - Zj) m e-£* l^l 2 / 4 * 2 . (7.1) 

*<j 

Here z 3 = x 3 + iy 3 are the complex coordinates of the N particles and l = (eB)~ 1/2 
is the Magnetic length. Note that \Eq is the ground state wave function of the filled 
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lowest Landau level. The wave function T * / m is antisymmetric, analytic, and has a 
homogeneous polynomial in its Jastrow part which makes it an eigen state of angular 
momentum. The significant feature of T i/ m is that the ground state has ‘deep nodes’ 
as any two particles approach each other. Laughlin compared this wave function with 
that of exact diagonalization in few electron systems with different kinds of interaction 
potentials and found excellent overlap between them. Interestingly, the Laughlin states 
are found to be the exact ground state wave functions for a wide class of short range 
interactions [17. 58]. In their finite size calculations, Yoshioka et al [109] have found 
a discontinuity in the chemical potential at v = 1/3. The gap of charge excitations 
appears to be size dependent. Chakraborty et al [110] have found that the gap in the 
thermodynamic limit is in agreement with that of collective excitation result [71] in 
the single mode approximation. However, the experimental value for the gap is lower 
[111] than the theoretical values. 

Laughlin [14] obtained the charge of the quasihole (quasiparticle) excitations of 
the Laughlin states to be fractional and is given by e* = +(-)e/m. Halperin [15] 
argued that the quasiparticles possess fractional statistics [112], given by 9 = T:jm. 
Subsequently Arovas et al [16] derived the statistics of the quasiparticles by calculating 
the Berry phase from the Laugiin wave function. These quasiparticles or quasiholes 
at their magic densities condense into a Laughlin like state to form a hierarchy of 
the FQHE states [15, 17]. Generically, the quasiparticle (quasihole) excitations of the 
FQHE states with v = p/q (p, q are integers) have charge e* = ~(+)ep/q and statistics 
9 = — (+)? r/q. 

Jain [18] has proposed the composite fermion model (CFM), which provides an 
alternative hierarchy to the one above, for FQHE states. In this highly successful 
model, IQHE and FQHE states are treated in the same footing. The strong correlation 
between electrons in the FQHE states are modeled by attaching an even number (2s) 
of vortices to each electron and an weak residual interaction between the charge-flux 
composites. The statistics of the charge-flux composites remain fermionic and hence 
they are called composite fermions. The IQHE of composite fermions with u* = p leads 


96 


to FQHE state v = p/{2sp + 1) in original electron system. -Iain's propose.! ground 
state wave function for these states: 

% - II(-t - s,)*V, • 

i<j 

where T p is the IQHE wave function with p filled Landau level. Note that p 1 
corresponds to the Laughlin states. Numerical studies with a small number •»} parti- 
cles show, like Laughlin state, a good overlap between Jain wave functions and exact 
ground state wave functions [113]. One may argue that the Jain wave functions are not 
good variational wave functions as they have admixtures of higher Landau level wave 
functions. However, Trivedi and Jain [114] found by calculating ground state energies 
for noninteracting electrons that the Jain states have, in fact, very small admixture 
of the higher Landau levels. Recently, Morf and d’Ambrumenil [113] have determined 
effective mass of composite fermions numerically in a finite size system. 

A field theoretic version of the OEM was first developed by Lopez and Fradkin [If)! 
for a system of spinless electrons. This is known as fermionic CS theory. They derived 
[72] also the linear response functions for u = p/ (2sp - I) states in the random phase 
approximation (RPA), employing this theory. They further derived [54] tin* modulus 
square of the many body wave functions for these states, employing the density-density 
correlation function which was derived in RPA 

Using the above theory, Kalmayer and Zhang [116] argued that impurity driven 
fluctuation of the CS gauge fields causes metalic phase near u- 1/2 which is commonly 
known as the l v = 1/2 anomaly’ [117, 25]. Recall that in the CFM, the excitation gap 
for a state v = p/(2sp+l) is Co c — lixp/m'p. the effective cyclotron energy of composite 
fermions. At v = 1/2 which correspond to s = 1/2 and p = oo, the CS mean magnetic 
field exactly cancels the external magnetic field and hence the system behave as two 
dimensional gas of free fermions (in zero magnetic field). Halperin, Lee, and Read 
(HLR) [20] argued that the composite fermions form a Fermi sea at u - 1/2 and all 
even denominator states, in general. They further explained the anomaly in surface 
accoustic wave experiments [25, 26] at v — 1/2 in terms of free composite fermions. 
A good number of experiments [21-24, 27-33] also have been performed in finding 
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the evidence of the composite fermions. Most of the experiments are performed at or 
near u — 1/2. Rezayi and Read [68] have also shown from their numerical study in 
spherical geometry that the v = 1/2 state is Fermi-liquid like, in agreement with the 
above prediction. Taking into account the electron electron interactions, HLR further 
conclude that the effective mass of CF diverges at the Fermi surface, if the range of 
electrostatic interaction is shorter than, or equal to, that of Coulomb interaction. Due 
to the infra red gauge field fluctuations, this divergence is manifested in the energy 
gaps of states near v — 1/2 s. However, the gauge field fluctuations do not affect the 
linear response at u = 1/2 s, due to a mutual cancellation with another singular term 
[118, 119]. Consequently the states v = 1/2 s are characterized by a finite effective mass 
m* [118]. In a recent paper, Lee et al [120] report that the suppression of Shubnikov- 
de Haas oscillations of CF near v = 1/2 in the experiments [22-24] is due to strong 
dephasing of CF and renormalization of effective mass. They have further estimated 
rrf following the method of HLR, and found close resemblance with the result of Morf 
and d’Ambrumenil [115] who have calculated m* numerically. All the above theoretical 
analyses are based on the fermionic CS theory in RPA. 

In the above RPA approach, the low energy excitations are on a scale set by the 
evclotron energy rather than by interaction energy. In an improved modified RPA 
method, Simon et al [121] have defined an effective mass m that is set phenomenolog- 
ically by the interaction scale [20]. It has been pointed out [122] that there is a further 
drawback in fermionic CS theory under above approximations. In the limit of large 
magnetic field, the static response of electrons to a spatially varying magnetic field, 
would largely be determined by kinetic energy considerations in this approximation, 
which is incorrect. Simon et al [122] have proposed a method to ‘remedy’ the problem 
by attaching an orbital magnetization to each composite fermion to separate current 

into magnetization and transport contributions. 

There exists a parallel development in terms of bosonic CS theory. By a singular 
gauge transformation on Laughlin wave function tfi/m, Girvin and MacDonald [123] 
transformed the fermionic wave function into a bosonic one where m (odd) statistical 
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flux quanta are attached to each particle. They showed that the transformed density 
matrix exhibits an algebraic off diagonal long range order i.OHLRut in the Laugh- 


lin state. The average statistical flux cancels the applied magnetic flux at r 1 w. 

Therefore the singular gauge transformation makes the system into that ot bosons m 


zero net magnetic field. The ODLRO indicates that such bosons are :::: 

Therefore the superconducting state of the bosons << *rrt e- 1 '> iml- to the quantum Hal! 
liquid of the electrons. A related but distinct ODLRO was found by Read T*2; in 
the Laughlin state by considering a superfluid analogy mierosemAv.’iy. The order pa- 
rameter possesses broken symmetry [62]. Rezayi and Haldane T2T numerically Hound 
that the related order parameter at v — 1/3. 2/5 states is nonzero. Zhang. Hansson. 
and Kivelson [60] developed Chern-Simons-Lanclau-Ginzbnrg (CSLG i theory for the 
FQHE. Phenomenological aspects of FQHE can be obtained from the ('SI. Cl theory 
[59]. Zhang [59] derived Lauglin wave function and ODLRO of Girvin and MacDonald 
from the CSLG theory. Lee, Kivelson. and Zhang [ 125] studied the transitions be- 
tween quantum Hall states within the CSLG theory. Kivelson. Lee. and Zhang ’120] 
have constructed a global phase diagram for the QHE states in the magnetic field ami 
impurity plane. They further derived the law of corresponding states from t he CSLG 
theory. 


7.3 Scaling theories 

A comprehensive review of scaling theories in IQHE is provided recently by Huekestein 
[94]. We briefly review here of the relevant ones. 

The scaling theory of localization [127] predicts the absence of extended states in 
two dimensional systems. However in the presence of a strong magnetic field, the de- 
localized states appear [128]. These states show their existence only at a single critical 
energy, he., at the center of the Landau band, and therefore a continuous transition 
between quantum Hall liquids occurs. At zero temperature, the Hall conductivity is 
thus expected to exhibit very sharp transitions whenever the Fermi energy passes the 
critical energy [129]. This is indeed true, as it is observed that the plateaus of quan- 
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f ixation can be extremely broad and the transition between them are extremely sharp 
as the temperature is lowered [130, 131]. At the same time, the diagonal conductivity 
shows sharp spikes (maxima) at the position of plateau tr ans itio ns (see Fig. 1.1). 

In Si-MOSFET, \ amane et al [132] have observed that a xx and a xy are not indepen- 
dent and they depend on a single parameter. In contrast, Wei et al [98] have observed 
two parameter flow diagram in <j xx and a xy in InGaAs-InP heterostructure, which was 
predicted by Levine et al [97] in renormalization group analysis. They have found a 
stable flow towards ( a xx , a xy ) = (0. n)~ which describes the widening of the plateaus, 
and an unstable fixed point corresponding to a% v = (n+ 1/2) f|, describing the critical 
transition. Due to the experimental difficulty to study the critical transitions in terms 
of o' xx and a xy , Wei et al [84] have first studied the critical transitions in terms of resis- 
tivities. They have found the scaling law in critical transitions between the plateaus; 
(dp xy /dB) max and the inverse width in p xx . (AS) -1 behave as T~ k with k = 0.42. This 
scaling law has been field theoretically derived by Pruisken [133], and obtained by Huo, 
Hetzel, and Bhatt [134] in numerical simulation. At finite temperatures, the system 
size is given by the phase coherence length [135] which diverges as L<p ~ T~ pj2 as 
T -4 0 where the exponents p and k are related via another exponent v as k = p/2v. 
The localization length £ diverges at the critical point via£(E F: B) ~ {B — B c {Ef))~ 1/ - 
The effective system size behaves as l}J$ oc T~ l ^ k . Koch et al [89] have measured the 
exponent v by studying samples of the different sizes. They have found ( dp xy jdB) mzx 
and A B saturate at low temperatures, and the saturation temperature decreases with 
the increase of system size. The saturation value of A B is then related as A B oc L~^ v . 
Koch et al [89] have found the value of the exponent v to be 2.3, in good agreement 
with the numerical result [136], as well as analytical one [137] which incorporates the 
effect of quantum tunneling in the percolation picture. 

There are further elegant method to study the finite size scalings, (i) The diagonal 
conductivity <j xx relates the Thouless number. In their numerical study on IQHE, 
Ando et al [138] have obtained size dependence of the Thouless number which gives 
the information about the critical behaviour. The dependence of eigen energies of 
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a finite system with the change in the boundary condition?' can distinguish between 

the extended and localized states [139]. The eigen energies o! localize* i stat 1>> no! 

change with the boundary condition for a large* system compared to the localization 
length, while eigen energies of the extended states exhibit a shut with the change in 
the boundary condition [140]. (ii) To distinguish extended and lorad/cd '•ante,*., the 
ability of an eigen state to contribute to Hall conductivity a n) also plays a major role. 
Thouless et al [141] and Niu et al [142] have found that cr^ is proportional tot he ("hern 
number, which is topologically invariant. Arovas nt nl 443] have shown that the zeros 
of the eigen states with finite Chern number can be moved all over the spare with the 
suitable choice of the boundary angle, and for the eigen states with zero (’hern number, 
the zeros are confined in space. The former type of states are extended, while latter 
ones are localized which do not have any contribution to o r ... Huo ami Bhatt 1 44 
have used the density of states with non zero Chern number as a finite size scaling 
quantity and they have concluded that the extended states are only at a single energy 
E e . 


The scaling laws are not restricted only to IQHE. Indeed. Engel et al 445] have 
observed same universal value of exponent k in the quantum Hall t ransit ions from 1/3 
to 2/5 FQHE states. Jain et al [146] have proposed a new class of variat ional wave 
function in the presence of disorder as a generalization to the CFM wave function 1 7.2). 
As a consequence of these wave functions they have found the law of corresponding 
states which relates the behaviour of the transitions in the fractional Hall regime to 
that in the integer Hall regime. For example, the transition fron 1/3 to 2/5 plateau is 
characterized by the same critical exponents as the transition between integer plateaus. 
Apart from the transition from on QHS to another QHS, there are also transitions from 
quantum Hall to insulator state, driven by the magnetic field. Shahar et al [147] have 
recently observed that the diagonal resistivity at this transition is universal for integer 
and fractional states, and has a value close to one quantum unit of resistance. As 
we have mentioned earlier, Kivelson, Lee, and Zhang [126] proposed a global phase 
diagram in the disorder-magnetic field plane. They derived a set of correspondence 
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rul<*s using CSLG theory, and relate the properties of all QHE states to those of the 
// — 1 st ate. 1 he high disorder and high B field limit is the insulating phase which is 
bordered by the v = 1 IQHE and v = 1/3, 1/5 FQHE quantum Hall phases. 

7.4 The role of spin 

Thus far our discussions have ignored the spin degree of freedom of the electrons. 
That would be justified in the strong magnetic field limit since the spins are then f ull y 
polarized in the direction of the magnetic field. However, as is pointed out by Halperin 
[ 34 ], the rather small value of g factor in GaAs leads to a smaller Zeeman energy 
compared to cyclotron energy, and the Zeeman energy even does not dominate over 
the Coulomb interaction energy. Therefore, the possibility of quantum Hall states that 
may not be fully polarized can not be ruled out. Halperin has further constructed the 
ground state wave function for unpolarized u = 2/5 state. Baskaran and Tosatti[148] 
have shown how the Halperin’s unpolarized state becomes almost a spin singlet state, 
even though it is not an eigenstate of spin operator. The state v = 8/5, which is 
the particle-hole conjugate state of v = 2/5, has been seen experimentally [36] as 
unpolarized state in the small Zeeman energy limit. Similarly, the states u = 2/2, 
and 3/5 are also seen experimentally [37, 38] as unpolarized and partially polarized 
respectively for small Zeeman energy. These states make a transition to their fully 
polarized phase with the increase of Zeeman energy in tilted magnetic field experiments. 
It turns out that the critical tilt angle of magnetic field the QHE disappears, but it 
reemerges at higher tilt angles. 

Much of the early theoretical work based on finite size numerical calculation with 
the tunable g factor is reviewed in Ref. [6]. We discuss here the most important ones. 
The states v = 2/(2 n + 1) and 3/5 appear to be unpolarized and partially polarized 
respectively. The Laughlin states v = l/(2n + 1) are fully polarized even in the 
zero Zeeman energy limit. Chakraborty et al [110] have found, for vanishing Zeeman 
energy, the spin-reversed quasiparticle and spin-polarized quasihole as the lowest energy 
excitation of fully polarized u — 1/3 state. This makes the daughter state u = 2/5 to 
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be unpolarized. 


The even denominator u = 5/2 state which has been 


experimentally 


» thsrrvr* i 


■k 


is rather unexpected. This state is unpolarized and the direct evtiiertce it a it n tint's 
through the observation [53] that the unp. darker! v - 5, 2 state is quickly destinyed 
in tilted field studies. The theoretical understanding of this effect is not complete. 
Haldane and Rezayi [67] have constructed a trial wave function for the tmpolarr/ed 
v — 1/2 state which is a partner of unpolarized v = 5/2 state in t he lowest Landau level. 
However, no even denominator state other than v - 5/2 state is seen ex>T:::v?i':Ty 
in a single layer system. 


Kallin and Halperin [69] have studied collective charge density and spin density 
excitations of IQHE states in the small Zeeman energy limit. They have also found the 
spin-wave excitations for odd IQHE states. Longo and Kallin [77] have studied spin 

flip excitations in the FQHE states. 

It has been found from pseudo potential models [57]. and finite size studies for 
the Coulomb interactions [39-41, 149] that the ground state at v ~~ l/m \m odd! 
is fully polarized as it is independent of g as g ->■ 0. There is always a gap for 
current excitations even at g = 0 [7]. Though the ground state is the same, the 
quasiparticle excitations change substantially as g is lowered. While for larger values 
°f 9 quasiparticles have charge ±e and spin S z = 1/2. near g = 0, the qimsipartieles 
have infinite size and possess macroscopic spin due to the Coulombic interaction [150]. 
In this \anishing g limit, the gap for QHE in v = 1 state is not of single particle origin, 
(which vould be expected in high Zeeman energy limit), it is a many body correlation 
effect. These new quasipanicles possess nontrivial spin order and topological quantum 
number they are known as Skyrmions [151]. Three recent experiments [152-154] have 
proven the evidence of Skyrmions in v = 1 state. The partially polarized IQHE states 
such as iz _ 3, 5 may possess Skyrmion excitations in their ferromagnetic ground state; 
however they are not the lowest energy excitations [155]. Jain and Wu [156] also have 
found for the case of higher Landau levels that the addition of a single electron does 
not destroy the ferromagnetic ground state by the production of Skyrmions. Before 
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tlu 1 work of Sonclhi et a l [150], Lee and Kane [65] have shown that u = 2 and 1/2 states 
aie unpolaiized due to skvrmions. Recently, Nayak and Wilczek[157] have argued 
that spin singlet states can be understood as arising from primary polarized states 
by Skvrmion condensation. The energy of the Skyrmions is determined by the spin 
stiffness. Recently Nakajima and Aoki [78] have computed the spin st iffn ess using 
reduced Haldane pseudo potential within the CFM for v = 1/3 and 1/5 states, and 
their results are in agreement with Sondhi et al [150], and Moon et al [64] who have 
calculated from first principle. 

7.5 Bilayer systems 

Technological progress has made it possible to produce bilayer 2DEG systems of ex- 
tremely high mobility. In these systems, a pair of 2DEG are separated by a distance 
d, comparable to the inter-particle distance in the same layer. Stormer el al [158] were 
tin* first to observe QHE in bilayer systems. Such a spin polarized bilayer system can 
be mapped into a single layer spin-1/2 system. In this mapping, the layer degree of 
freedom acts as a ‘pseudo-spin’, in analogy with spin-1/2 system in a single layer. Al- 
though these two systems seems to be equivalent, they differ in a fundamental way: 
While the electron electron interaction is spin independent, it, in fact, depends on the 
layer in which the electrons reside. Due to this difference, there are certain wave func- 
tions that are acceptable for bilayer QHS, but are excluded in the single layer spin-1/2 
systems. For example, Yoshioka, MacDonald, and Girvin [159] proposed the so called 
(3,3,1) state as a ground state for a bilayer v = 1/2 QHS which has no analogue in 
single layer systems. 

In a single layer system, the gaps for IQHE are generally of single particle origin, 
while those in the FQHE states arise from many body effects. In contrast, by tuning 
sample parameters appropriately, both single particle and many body regimes can be 
achieved for a given QHS in a bilaver system. There are two energy scales associated 
with bilaver systems: (i) the single particle tunneling gap (Asas) separating the low- 
est symmetric and antisymmetric states and (ii) the many body Coulomb interaction 
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between electrons in different layers. Each can lead to a QHE: in association they ran 
either enhance or destroy QHE. 

For a pair of identical widely separated layers, the QHE spectrum is equivalent to 
that of each individual layer with the exception that the total filling factor associated 
with each Hall plateau is twice the corresponding single layer value. 1 1ms. tor example, 
no v = 1 QHE would be found since no v = 1/2 QHE has ever been observed in a 
single layer system. However, the smallest amount of inter layer funm-lini can lead to 
odd integer QHE states since it opens up the gap As as- In the absence of Coulomb 
interaction, the electrons of a double layer occupy the symmetric stare and the pair 
of layers act as a single layer. The Coulomb interaction can drastically modify the 
properties of this bilayer states by mixing antisymmetric states into the many body 
wave functions. This leads the electrons within the same layer to be more st rongly 
correlated than electrons in different layers. MacDonald at al [ 1 60] have drawn a phase 
diagram in the AsAs/(e 2 / e 0 and d/l plane, where er/d is the Coulomb energy. / is the 
magnetic length, and d is the inter layer distance. The larger values of d/I »rr«'sp. .ml to 
larger intra layer correlation compared to inter layer correlation. For sufficiently large 
d/l, QHE disappears [160. 161]. Therefore, the system undergoes a phase transition ms 
the barrier between electron layers increases or magnetic field increases since I jl x \fB. 
MacDonald et al [160] and Brey [161] have argued that this could be the reason for 
experimentally observed [162, 163] destruction of odd integer QHE. 

Even in the absence of tunneling, bilayer QHE with no single layer analogue can 
occur if the inter layer Coulomb interactions are sufficiently strong [164. 165, 159, 166] 
when typically d/l ~ 1. The experimentally observed [167, 168] bilayer v = 1/2 state 
(i.e., 1/4 filling in each layer) is a good evidence for such a regime. This new state has 
close resemblance with the Laughlin 1/3 state as far as the intralayer correlations are 
concerned, but it contains additional inter layer correlations as well. Yoshioka et al [159] 
have shown that (3,3,1) wave function is a good wave function for this state if dfl ~ 1. 
He et al [166] have examined the range of d/l over which v = 1/2 state is favourable in 
a finite size numerical study. They report also that both interlayer tunneling and finite 
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l.vu'i 1 hi< kiif’ss are responsible tor suppressing v = 1/2 state. In a recent paper, He et al 
1 16!)j ai gued tiom their numerical study using realistic sample parameters that the 
experimental!} observed u — 1/2 state in both the experiments [167, 168] is stabilized 
by the competition between intralayer and interlayer electron electron interaction. 

Similarly in the absence of tunneling, v = 1 QHE in bilayer system is predicted [165, 
159, 166] to be the many body effect. 1 This collective state cannot exist for arbitrarily 
weak inter layer coupling, unlike the aforementioned tunneling v = 1 state. Instead, 
this state is expected [159, 166, 170] to undergo a phase transition to a compressible 
state at some critical interlayer spacing. In a recent experiment, Lay et al [171] have 
observed that the ground state at v = 1 evolves continuously form a single particle 
QHE stabilized by large Asas at low particle density p to a many body QHE state 
stabilized by strong inter layer interaction at an intermediate p. They further report 
that as p is further increased, an incompressible to compressible transition occurs. 
Interestingly, this state, unlike bilayer v — 1/2 state, is predicted [172, 173] to possess 
a broken symmetry which may lead to neutral gapless mode, Kosterlitz-Thouless phase 
transition, and Josephson and Meissner effects. 

Two distinct physical mechanisms for generating u = 1 QHE in double layer systems 
lead to a rich phase diagram. In a recent experiment, Murphy et al [174] have shown 
a phase diagram. In the weak tunneling limit, they observe the above predicted phase 
transition from a Laughlin-like incompressible state to a compressible phase when the 
interlayer separation exceeds a critical value. In addition, they find additional phase 
transition between distinct incompressible v = 1 state, driven by the application of a 
magnetic field parallel to the layers. Subsequently Yang et al [175] have argued that the 
spontaneous symmetry breaking analogous to that of spin-1/2 easy plane ferromagnet, 
with the layer degree of freedom playing the role of spin, is responsible for this new 
phase transition. While Yang et al [175] have provided a phenomenological theory of 
the zero temperature phase diagram associated with spontaneous interlayer coherence, 
Moon et al [64] have derived the effective action, which is used in the phenomenological 

1 Recall that in a single layer spin-1/2 system, v = 1 state is due to the many body correlation 
effect in the vanishing g limit [150]. 
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theory, microscopically. 

Lopez and BVadkin (52) haw studied bilayer system within the CTM using CS 
theory. A detailed discussion on it is provided in section Vikajima and Anki 
[176] have numerically analyzed the effect of interlayer tunneling in hil*vi>r t; - | / m 
(m odd integer) states in terms of composite fermion picture 

There are various other aspects of QHE such as edge states and cooperative ring 
exchange theory which we do not survey in this thesis. 



Appendix A 

Form factors at zero t emp er at ur e 


In this appendix, we present the details of evaluation of component of the polar- 
ization tensor Fl^ at zero temperature. The evaluation of other components follows a 

similar procedure. 

The component Il„ () is given by 

n ( r )0 (z,.r') = ie 2 G r (x,x')G r (x',x) , (A.l) 

where the single particle Greens function 

cr(x,x') = -i(T[r(x)i>"(x')}) (A.2) 

can be obtained by solving differential equation 

(id o — H r + fj,)G r (x,x') = 5^ 3 \x, x') (A. 3) 

with appropriate boundary condition. Here H T — -^D r ^ - (g/2)fj, B <J is the Hamil- 
tonian of the system within the MF ansatz, where = d^ - ieA p . A A is the sum of 
all the mean gauge fields. We solve H in the Landau gauge 

A 2 (x) = = 0 , Ai(x) = -Bx 2 , (A- 4) 

to obtain the eigen states 

ipnUx) = -jr eikXlVn (r + Kll °^ ( A - 5 ) 

v h 
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with the corresponding eigen values 


finer = (n + ")i'c - 'p L B < 7 : " “ ,l - *' ' ‘ 


A.u 


The Landau levels are infinitely degenerate with finite P*’i' nnit M ~ 

1/2; rll where l 0 = (eB)~ 1/2 is the magnetic length corresponding to the effective mean 
magnetic field B. v n in Eq. (A.5) is a shifted simple harmonic oscillator wave function 
of n-th level and v a is either 1 1> or 1 Thf * s P in dependent part of the eigen states 
The Greens function G r {x.x r ) can be expressed in the turns < 4 an iniegi.it o\et 
frequencies as follows: 

du) i 


G T (x,x') = f ~e- 1 “ l{t - l ‘'(X ) G r U: ± ti})'X'' . 
Jc 2n 


l A. 71 


where X represents the spatial coordinate and the operator 

G T {yj\ ± i.Tj) 


t A. 81 


Cl — H r ± irj 

The choice of the contour C for the integration over fmnmneics is dictateil bv the 
boundary condition which defines the ground state. Let p be tin 1 number of fully filled 
LL. Then the contour must pass below the poles at -q = •-// > n for t) < n < p - 1 
which corresponds to retarded Greens function G r {~'\ -r it}) ami C passes above for all 


the other poles for n > p, corresponding to advanced Greens function G' r {~ 
The Fourier transform of IIo 0 (:r, x') is given by 

IT 00 (<?,?') = ie 2 J d 3 xd z x'e- i ‘ lx e iq ' x 'G r (x.x , )G r {x\x) 

= ie 2 2n5(LJ — u') J d 2 X d 2 A’ V qA ' e “ iq ' ' A * 

/ |^(x|cr( Wl ± ^)|A">(.v'|G r (w l + a, ± m)\x) 


ii}). 


Then introducing complete set of eigen states 

dk 


J^E\nk)(nk\ = l 

in Eq. (A.9) and using Eq. (A.5) for the wave functions, we obtain 

nw?,?') = (20V 3> (9-?')nyu,. q ). 


(A.9) 


(A. 10) 


(A. 11) 
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I" igurt’ A. I: The contour for the integration (A. 14) in the complex uq plane. While one 
pole is inside the contour, the other one is outside of it. 


where 


2 1 / (I'A'l v— . . 1 

2^0 J 2 tt T rn (^i +H-%± w 7)(u>i + w + p - e r m ± irj) 

+ ixlo)e~ ,,y ‘° x ' t dX2V’„(X‘l + <lxla)ii m (x2)e i, ’ l ° xl 


(A.12) 


+ ^Iq , X2 


+ ^2^0 • 


(A.13) 


Note that the relation (A. 11) as a consequence of translational invariance of the system. 

We first evaluate the integral 

[ — i . (A. 14) 

J 2m (ui + n - e r n ± mj)(wi + u + p - e T m ± irj) 

Consider the contour (see Fig. A.l) in the complex uq plane. The integral is nonvan- 
ishing only if the two poles are in opposite side of the real axis, i.e., one pole inside 
the contour while the other outside of it. Lsing Cauchy’s residue theorem, we obtain 

r dui 

J 2m (ui + im- e r n ± ii })( a 


1 
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= < 


1 


: m < pr « n > />- 
; n < p T - m > p T 


. \ . ! • 


-t m ~ ir ? 

0 : otherwise 


where p T is the number of Landau levels filled by the panicles oi spin index I herefore, 

1 


^ q ) 27 Til 


X P T - i 


l V*" 

n=0 m=p r ^ ~~ n~p r i) 


, - | * ..•« ; n 

u in 1 $ 




X J dxiVm(xi)v n (Xi + 1xk)e iqyli)Xi j d\-:Vn(\-2 <iJu)r,»[\ 

Similarly, one gets 

r 1 TIC Pr - I 1 

X y—» y-” »i I 


A. 10) 


Pr-l 30 

E E 


Hoi^’ q ' 1 471771*$ |_^ 0 m ^ r U + € r n ~ «m - "/ m=it 

X J dXlV* m (Xl)Vn{Xl + Qxk)e~ tqyioXl [ rf\'2<(\2 + 

+ / <*XiVm(XiK(Xi + q x lo)e~ iqyl ° Xl J d\z{X‘z + ( \a ~ \ : 


r n - 'A *" >'l 


I'/v’i IV; 


(A. 17) 


and 


n^i(w, q) 


87rm* 2 Zn 


Pr“ 1 CC 

E E 


J m 4- 

n=0 m=p r ^ ‘ c n c m 


DO Pr w * I 

--E It 

/ n=p r m=t) ^ 


f n ~~ *rn ^ ^ ; 

X [/ d X i(x 1 + fe*oK(xiK(Xi + qJ Q )e- iq ' l0X ' f dX'riixz + qzk)v m {Xz)X2^ hxt 
+ j dx lXlV*m(Xl)Vn(Xl + q x l o)e~ iqyloXl J d x 2 (X2 + <Mo)<(X2 + qxlo)l\n{X2)« ,,lvlnX2 

+ J dx iXiVm{Xi)v n {xi + qxk)e~ iqyLoXl J dx 2<C\2 + qxk)X2V m {X2)e iq * loX2 
+ J dxiv m (xi)(xi + Qxlo)v n (xi + q x lo)e~ iQyl ° Xl 

x /rfX2(X2 + 9xM<(X2 + gx^oK(X2)e 1 ' 9! ' te | . (A.18) 


The integrals over xi and y 2 in Eqs. (A.16)-(A.18) can be performed by the Taylor’s 
expansion of the integrands in powers of q x l Q and q y l$. Then expressing the polar- 
ization tensor II ^(w, q), by the requirement of gauge, translational, and rotational 
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invariances, in the form 


n'u-.q) 


q 2 )(?V - Wv) + (ns(w, q 2 ) - n r 0 (o;, q 2 )) 
x ( q ~ Qtfj) + iH r i{u), q 2 )e M yA? A , 

obtain the iotm factors. In the lowest order of q 2 , these are given by 


rin ; 


e ‘Pu w c 


2w up- — to 


— ■ TT'I’l — rrl’Vi • 

,-,2 ’ u i ■*■■*.() w c i 


Hr 




■2 _ .~,2 


w 2 — 4 a) 2 


c j 


Pu Pt,4 ~ a 


2 m e 


(A-19) 

(A.20) 

(A.21) 



Appendix B 

Response function in TDHFA 


In this appendix, we shall evaluate IIq 0 in TDHFA. We adopt the diagrammatic method 
that was developed by Kallin and Halperin [69]. 

The single particle Hartree-Fock Green's function is given by 


c; M 


U! 


+ id(n. r) 


B. 


where 5(n,r) = 0 + for n < p T and S(n.r) = 0" for n > p r . G r , { is diagrammatical!}' 
shown in Fig. (B.l). In the strong field approximation (the effective field U here), tin- 
self energy, which is diagrammatically shown in Fig. (B.l), is given by 


T r 

‘-‘n 




(B.2) 


where V(r) = e 2 /er is the Coulomb potential. Note that the same index r stands for 
both spin and spatial coordinates. The associated Laguerre polynomial is given by 


Ln(x) = ^re x x- m ~ ( e~ x x n+m ) . 
nl dx n v 1 

The response function IIo 0 may be expressed as (see Fig. B.2) 


(B.3) 


nSoK q) = E £ KwWCWiSl"’ <iK,rA,,r 


(B.4) 




Here the matrix element (contribution of the left vertex of Fig. B.2) is obtained as, 


Muns(q) = 


f 2 n *n 2 ! \ 1/2 

2 ni rti! J 


e' q!/2 [(9. + i;r" ! (q 2 ) ■ (B.5) 
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n . r 


( a ) 



n , r n,r n,r n,r n,r 


(b) 

Figure B.l: Thick (thin) lines represent single particle Hartree-Fock (bare) Green’s func- 
tions. The wiggiy lines represent the Coulomb interaction, (a) The self energy Y7 n for the 
particles of spin index r in the n th Landau level, (b) The single particle Hartree-Fock 

Green's function (7!) for n th landau level and spin index r. 


The two-panicle ;m is lauat or (see Fig. B.2) is given by 


D f}ri U'i ~ 

U2 ' 1 


rt, <r '-> ,)c ^ u,+w ' ) 


IHp n - ni)8(>i a - p„ - 1) 

■(*; - e a)-K', - E a)+*’) 


(B.6) 

HPr, - n 2 )g(n i - Pr, - 1) 
w - («R - «R) - (SR - S n>) - “ij ’ 

(B.7) 


when; the function &(x) is defined as 


0(z) = 


1 for x > 0 
0 for x < 0 


(B.8) 


Finally, which is the corrected vertex (due to Coulomb interaction between the 

particle and hole pair) function is diagrammaticallv shown in Fig. (B.2). Here we have 
assumed that only single exciton present at a time. In other words, e /do < u> c . 

Now if we define 


*™(". q) = o) 


(B.9) 
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(a) 



(b) 

Figure B.2: a.i = (nj, ri ) denotes collectively the Landau level index n,i and the spin 
index r,. Thick (thin) lines represent single particle Hartree-Fock (bare) Green’s functions. 
The dashed lines represent the probes, (a) Response function IIqq(u?, q) is diagrammatically 
shown. The shaded portion represents the vertex correction due to the Coulomb interaction, 
(b) The vertex function T™ (w, q) is diagrammatically shown. 
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then ?h- response fmirfimi ran hr written as 


*^»i n 2 ( q) ^n/^ 2 (w, q)5 ri) r 2 5 rri , 

ft 2 ft J Ji 2 


(B.10) 


wii.Ti- q satisfies the matrix equation. 


V V 


! >S '‘ - J ‘:i ! hj .• ,«,) ! V; .r,b r _, Xl D( .j) } ~ 1 


rsr 4 
713714 


'• : • *• ' J 713714 ^ r : - r 3 ^ r 2 , r 4 ^ni n 4 non 3 (q) 

1 «»*«»#* f( wj q) = • (b.h) 

Diagraimnatirally. .U* ;T „(q) is given by the first diagram of Fig. (B.2). The interaction 


between an excited electron and hole which 


is represented by the ladder diagrams in 


tin- MTund diagram of Fig. B.2. The corresponding matrix element due to to Coulomb 

interaction is given by 


’< ; n ,1 Jj 




2 ,, <2 n *n..!n.,!\ I/2 r Sr 

/ 2^ V{T ~ l t q X f ) e " r2/ ^ 


x 


/2”>2 ,!:, rq!a ;{ ! ( 
r + / /y1 H,-n a 

“IT 


‘0 

'j; - / r 2 


• I 


/n i 


r Tii -7i2 
^2 


T? 3 


-714 


2fn 2 / 2/ 2 / ' 


(B.12) 

I he matrix element for the bubble diagrams (see the third diagram of Fig. B.2) i 

obtained as 


is 


P- (q) 

* U] nJtU;0l2 \HJ 


f2 n <2 n *n,WY /2 V{q) 


{ 


2 n! 2" 3 n 1 !n 3 ! 


}_*± J n l +^ 3 “ 712 “714 

2x1% 0 


x (g x + iq y ) ni (q x - iq y ) n ^L^ (q 2 )L n n \~ n * (q 2 ) , (B.13) 

w hnre l (q) is the Fourier transform of the Coulomb potential. 

Solving <t> r n %{uj, q) from Eq. (B.ll), we substitute it in Eq. (B.10) to obtain the 

response function, 


nSoC-h q) 


E p 

2L 


l^n in2 (q)f 


4<?r nt> pr to - K - e r J - (Ej 1 - !> ) + (q) - 7W&»,n,(q) + iv 

Tp |3/ ni7l2 (q)| 

"I<P. «2>p. U “ (cji, — e n,) “ — —Ji,) + (q) — '’'Ci'in-.run, fq) — ITj 

(B.14) 
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The factor 7 = 2 when both the spin states in an LI. from which the excitatb >11 occurs 
are fully occupied. Otherwise the value of the parameter ' »-■ 1. 

In a similar manner, the Fourier transform of the spin-flip response function 

X ab { x i %') = te'Tr [a a G(x. x ')a h Gii . i\. . iB.l •’ 1 


mav be obtained as 


V*(w, q) = e 2 Tr 


E E 




ji 2 <Pri ni>pr 2 w ( e n 2 i e n 2 ) — (—!?, ~ ) w ^ (<1.) ■'?/ 

y y 1 Q) ' ! 

no<Pr 2 m >p ri U + (€n\ - ( r rT 2 ) + (££', - Z T n \) - 1 n iMjrijni UJ ~ /// 


B. Ifo 


where cr a (ah) creates spin state r x (r 2 ) destroying spin state r> (rj). Therefore. r s # 
Note that the bubble diagrams (see the third diagram of Fig. B.2! do not contribute 
to the spin-flip response function. This is because in this response function, panicle 
and hole possess different spins, and the Coulomb interaction can not flip t he spin. 



Appendix C 

The evaluation of I nm 


In this Appendix, we shall evaluate 


where 

(>U€i=^- — 1 v ,.,, 

- e rt - SnKi) 

with 

~«Rs) = + /i - f n ) ± £\Zr 2 -(if a +/Z-e „) 2 • 

We evaluate /„ m by the contour integration method. 

Let us consider the integral 

S„ m = jf ^-n F (Z)mZ) G"(z - S) ■ 


^ mil W; ) 


1_ 

J 


X] - «jj-) 

= -00 


(C.l) 


(C.2) 

(C.3) 


(C.4) 


where 

m^) = iT^ ( c - 5 ) 

is the Fermi function. The contour is shown in Fig. (C.l). There are poles at Z = 
ij(2s + 1). The integrand also has branch cuts on the two lines Z = e and Z — e + ivj, 
where e is real. To illustrate, for G n {Z), the range of e is e„ - At - T to e n - fi + T. 
The evaluation of residues at the poles of S nm reproduces I nm . In other words, I nm is 
equivalent to S„ m when S nm is evaluated along the branch cuts, where the contributions 
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allow and :h'!uw the cuts an* subtracted: 


(It. - r 

— »F(f)G"'(f-ia) i ) G n (e + ^) - G n (e-i5) 

•• •* > - ■ L 


t ' ti: ‘-il * I fjf _____ . p „ - 

/ r~«F(f)G n {€ + iujj) G m (e + i6) — G m (e — i8) .(C.6) 

* 1 «rs 1 *£ *1 ? ^ J 


Now the factor 


O(e-id) = G?(e) - (?»(e) 


= 2iImG”(e) . 


Therefore 


Imn 1 ) 


»-/i+r 

■; ; -r 2?r 

f m -(i+r 


9/ ^ 1 nf’(£)G m (e — iuj) ImG"(e) 

t ( n H' mm l 2 7 r 


■f 

Jf n 

- 2 / 

•'< m -. 


-r 27r 


ni?(€)G n (e + iotj) ImGjP(e) . 


\V<* now analytically continue: j~' } —t’jj + id to obtain 


Ai m(-' "b 


■2 r fn F (<) to [Sjw] 5rF^) 

+2 [ 1 p-n F (e) Im [G^(c)| G"(e + o;) , 

r 27r L 


(C.7) 


(C.8) 


(C.9) 


which is the required result. 
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Addendum and notes to the thesis 


-nv, H h+ , m 


(1) . The choice of the parameter 6L = 0 in section (2.2.1) corresponds to the constraint 

Ap(x) = 0, ie., at every point, the fermion densities with spin-up and spin-down must 
be the same. This leads to unpolarized states, and a~ gauge field has no dynamical 
,role. As a consequence of this strong constraint, the fluctuations cannot change the 
spin density. We have employed the condition in a rather weak sense, i.e., only at the 
mean field level (A p) = 0, and obtained the observed sequence of unpolarized states 
[see Eq. (2.11)]. We have subsequently evaluated spin density fluctuations as well. It, 
therefore, appears that the choice #_ = 0 is not very appropriate to unpolarized states. 

On the other hand, the choice = oo again leads to unpolarized ground state having 
sequence of states identical to the sequence of states that we have obtained for = 0. 
Here one imposes the weaker constraint (A p) = 0. Note that the sequence emerges as 
the natural limit of the partially polarized sequence (2.19), when — p±. Unlike the 
former case, the present choice does not give any strong constraint. Therefore 6L = oo 
is the appropriate choice of all the observed fractional quantum Hall states irrespective 
of spin polarization in the lowest Landau level. 

It must be stressed that the latter choice of the parameter does not alter any of 
the results for unpolarized states that we have presented for the former case. 

(2) . It is not trivial to find out the value of the g factor as a coefficient of the Zeeman term 

in Eq. (2.2). The g factor may be renormalized due to the inclusion of the Chern- 
Simons magnetic field. In this thesis, we are not concerned with the renormalized 
value of the g factor since none of the conclusions that we arrive at is sensitive to the 
value of g , as long as Zeeman energy is small compared to Q c . 

(3) . The effective cyclotron frequencies ufM do depend on the effective masses of spin-up 
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Erratum to the Thesis 


1. (a) The sentence before Eq. (4.11) [The factor 7 = 2 when • • • ] should be replaced by 
the following. The value of the factor 7 depends on the quantity which we evaluate, 
(i) For density-density correlations, 7 = 2 when the Landau level n\ for both up and 
down spins is occupied and 7=1 otherwise, (ii) For spin density correlations, 7 = 0 
foi unpolarized states, 7 = 1 for fully polarized states, and 7 is fractional taking a 
value between 0 and 1 for partially polarized states. 

(b) Equation (4.34) should read as 


uj n = nu> c + Ej l0 — l'nooou(q) > 

since 7 = 0 in this case. 

(c) Equations (4.35) - (4.37) should read respectively as 


e 2 1 

wi = 0J C ~ T7 q 2 
elo 4 


U)'2 — 2l o c -|- 


1 fW 1 fW 


U3 — CJ c + 


do L 4 V 2 
e 2 f3 fW 


6/q L 8 V 2 


16 V 2 Q 

1 /q 2 

32 V 2 4 


(d) Equation (4.38) should be changed to 


Res (E unp )| wi 


2 2 

-c q z u c 


v 

2i r 


(e) Figures (4.1) (4.3) in the thesis should be replaced by the following figures 

respectively. 
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state. 


2. We have corrected the following misprints in chapter 6 below, 

(a) Equation (6.51) should be replaced with 

a xx — — lim — ImlEWagO) . 

LJ-40 CJ 


(b) Equation (6.54) should read as 

Im /„„(*•) = 2 r U+l £-n F (e) Im G?(e) Im Gf(t - w) 

+2 r _ ' i+I — MO Im G™(0 Im G?(e + w) . 
Jtm-ti - r 27T 


(c) Equation (6.55) should be changed to 


1 00 00 

31 S S Im/nrnM [( n + Mm ,n+ 1 + nd m , n - i - (2n + 1)5„ 


cr M = ~ lim 


4m* 2 u 2~ l 4 

3. x + ~(kh q) in Eq. (5.16) should be replaced by x _+ ( w > q)- 
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